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Editor’s Column

It gives us immense pleasure to present the edited book “Perspectives in
Contemporary Mathematics”, published by the Department of Mathematics,
Tingkhong College. This book is a sincere academic effort to showcase
contemporary research trends and diverse perspectives in mathematics,
reflecting both its theoretical depth and practical relevance.

The present volume (Vol-1) is a collection of twelve research articles
contributed by scholars from different institutions. These papers span a wide
spectrum of mathematical disciplines, covering significant topics from both
pure and applied mathematics. The diversity of themes addressed in this book
highlights the dynamic and evolving nature of mathematics as a subject that
continuously responds to new scientific challenges while strengthening its
foundational theories.

The primary objective of this edited book is to provide a common
platform for researchers to share original ideas, recent findings, and innovative
methodologies. It is hoped that this volume will serve as a valuable reference
for researchers, academicians, and postgraduate students, and will encourage
further research and collaboration across institutions.

We sincerely thank all the contributors for their scholarly inputs and for
trusting this volume as a medium to disseminate their work. We are also
grateful to the reviewers for their constructive suggestions, which have helped
in maintaining the academic quality of the book. Our heartfelt thanks go to the
faculties of Tingkhong College, whose consistent support and encouragement
played a vital role in bringing out this publication. The editors gratefully
acknowledge the officials of Akinik Publication for their valuable support and
encouragement in the publication of this work.

We believe that Perspectives in Contemporary Mathematics will be a
meaningful addition to the existing mathematical literature and will inspire
readers to explore new directions in research.

Editors:

Dr. Rupjyoti Borah
Dr. Bijoy Patir

Dr. Jyoti Saikia






Dedication

This volume is lovingly dedicated to the cherished memory of Late Dr. Bijoy
Patir, one of the editors of this book. A distinguished mathematician, devoted
teacher, and inspiring academician, Dr. Patir’s commitment to mathematical
research and higher education continues to guide and motivate us. His
scholarly vision, intellectual integrity, and humane approach left an indelible
mark on colleagues and students alike. Though he is no longer with us, his
ideas, values, and academic legacy live on through this work. This book stands
as a humble tribute to his enduring contribution to the discipline of
mathematics and to the academic community he served with dedication and
grace.
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Chapter -1

Application of Linear Algebra in Machine Learning
Bikash Chutia

Abstract

In this chapter, it is intended to discuss few examples of machine learning
that may be familiar with that use, require and are really best understood using
linear algebra. Linear algebra structures are used in data science such as
tabular data sets and images. Linear algebra concepts working with data
preparation to reduce one hot encoding and dimensional. This research
highlights the essential ideas and real-world applications of linear algebra as
it examines the substantial influence of the subject on machine learning
applications. Additionally, this chapter illustrates the vital importance of linear
algebra by examining certain machine learning applications such as
Word/Vector Embedding, Image Compression and Movie Recommendation
systems. The ingrained use of linear algebra notation and methods in sub-
fields such as deep learning/neural networks, natural language processing,
robotics, image processing etc. The study contributes to current initiatives
aimed at enhancing machine learning applications effectiveness and
efficiency.

Keywords: Linear Algebra, Machine Learning, Matrix, Data Representation
Introduction

Linear algebra is a branch of mathematics concerned with vectors,
matrices, linear equations, and linear transformations. In other words, linear
algebra is the study of linear functions in vector spaces. It is one of the most
central topics of all areas of mathematics. Most modern geometrical concepts
and functional analysis are based on linear algebra. Linear algebra facilitates
the modeling of many natural phenomena and efficiently computing with such
models and hence, is an integral part of physics, engineering, natural sciences,
computer animation, and social science (particularly in economics). The
importance of linear algebra has increased recently, particularly because of its
critical role in comprehending and refining machine learning algorithms. In
machine learning, a branch of artificial intelligence, use data to provide
insights that help them make predictions or judgments that are well-informed.
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Linear algebra offers the mathematical foundation that is required for data
representation, manipulation and modeling. This makes it easier to solve
complicated machine learning problems. In machine learning, matrices and
vectors are frequently used to represent data allowing for manipulation
through a variety of linear algebraic operations. These operations, which
compute eigenvalues, matrix multiplications and inner products, are the
building blocks of machine learning algorithms. Machine learning techniques
develop because linear algebra makes tasks easier like dimensionality
reduction, model optimization and data transformations. For nonlinear
systems, which cannot be modeled with linear algebra, linear algebra is often
used as a first-order approximation. It is a key foundation to the field of
machine learning from notations used to describe the operations of algorithms
to the implementation of algorithms in code. Despite the fact that linear
algebra is essential to machine learning, the close like between the two is
frequently left unclear or discussed in terms of abstract ideas like vector spaces
or certain matrix operations, from the implementation of algorithms and
techniques in the code (such as Regularization, Deep learning, one hot
encoding, Principal Component Analysis, Single value Decomposition (SVD)
etc.) to the notations that are used to describe the operations of the machine
learning algorithm.

Organization of the paper: In section 1, contains preliminaries of linear
algebra which will be used in the sections to follow. Section 2 discussing some
real-life examples of Linear Algebra in Machine Learning and section 3
include conclusion of the whole work.

1. Preliminaries

Vectors: A vector is just an element of a vector space. It is a phenomenon
that possesses two separate properties: magnitude and direction, such as force,
weight, acceleration, and magnetic field etc.

Matrix: A matrix is a rectangular array of numbers or functions. Usually,
the numbers are real or complex. Matrices consisting of only one column or
row are called vectors; while higher-dimensional, example three-dimensional,
arrays of numbers are called tensors. Matrix multiplication may be done
according to a rule that relates to the composition of linear transformations,
and entry-wise addition and subtraction is also possible. These operations
satisfy the usual identities, except that matrix multiplication is not
commutative: the identity AB = BA can fail.

Linear Equation: An algebraic equation that has every term as either a
constant or the product of constant and the first power of a single variable is
called a linear equation. Linear equation can have one or more variables. A
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finite set of linear equations in a finite set of variables, for example:
X1,X5,X3, .. X OF X, Yy, Z is called system of linear equations, forms a
fundamental part of linear algebra. Linear algebra through vector spaces and
matrices, many problems may be interpreted in terms of linear systems.

Machine Learning: Machine learning is a sub-field of artificial
intelligence (Al) that uses algorithms trained on data sets to create self-
learning models that are capable of predicting outcomes and classifying
information without human intervention. Now a days, machine learning is
applied to a broad range of commercial purposes such as translating text from
one language to another, predicting stock market fluctuations, and making
product recommendations to customers based on their previous purchases.
The phrases “machine learning” and “artificial intelligence” are frequently
used synonymously because machine learning is so widely employed in the
modern world for Al objectives. In supervised machine learning, algorithms
are trained using labeled data sets, where each example is paired with a
corresponding label or result, allowing the algorithm to learn the mapping
between inputs and outputs. Supervised machine learning is often used to
create machine learning models used for prediction and classification
purposes. While unsupervised machine learning uses dimensionality reduction
and clustering approaches to find latent patterns of structures within unlabeled
data, Semi-supervised machine learning uses both labeled and unlabeled data
to improve model performance. Reinforcement machine learning uses trial
and error to trains algorithms and builds models. During the training process,
algorithms operate in certain Environments and after each result, they get
feedback.

Supervised Learning Unsup&visedd.earni‘ng Reinforcement Learning

Unsupervised Learning
uses unlabeled data to train

Supervised Learning is used
to train machines using

Reinforcement Learning uses
an agent and an environment

labeled data machines to produce actions and
5 rewards
{ <
-
. —on
(lee)p A
% (

Trained model

-8

Trained model

Trained model

Fig 1: Types of machine learning

The key steps in the machine learning pipeline include data collection,
preprocessing, feature engineering, model selection, training, assessment, and
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deployment. Each of these steps is essential to guaranteeing the model’s
efficiency and quality. Various components of the process are improved by
ongoing investigation of innovative techniques including data augmentation,
transfer learning and strong assessment metrics. Applications of machine
learning may be found in many different fields, such as natural language
processing, medical image analysis, fraud detection, and stock market
forecasting in the finance and healthcare sectors, as well as chat-bot
development and sentiment analysis in natural language processing.

Supervised Learning Unsup&vised‘earni.ng Reinforcement Learning

Takes labeled inputs and Understands patterns and Follows trial and error
maps it to the known trends in the data and method to arrive at the
outputs discovers the output desired solution

AN
; \/

Fig 2: Machine Learning Approach

Prediction/Decision E /"

Learns from the

¢
/ ' Feedback

Find Patterns /
Analyze Data ¢

Fig 3: Machine Learning Process

Linear Algebra Representation: In the field of machine learning, data is
transformed into vectors to enable computational processing. The terms like
“feature vector” and “feature space” are commonly used in this field. A feature
vector is a representation of an object's attributes, with each component of the
vector corresponding to a specific feature. On the other hand, a feature space
encompasses these feature vectors. An example of this idea is given below
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Fig 4: Using of matrices and vectors for features

Images can be shown in a matrix format. In a black and white image,
pixels are represented by Os and 1s, as demonstrated in the example image
below.

I ! 1 1 1

Fig 5: Diagram of an Image Using Matrices

For ratings of yes or no, each movie can be associated with a feature
vector, whose dimensions correspond to various qualities. Mathematical
processes like similarity measurements and customized suggestions based on
user preferences and movie attributes are made possible by these vectors. This
user feedback system is a useful tool for sharing preferences and thoughts
about movies or items. When expressed as vectors, ratings are more useful in
data analysis and recommendation systems. The relationship between the
viewer, movie title, and its vector representation is illustrated.
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Fig 6: Vector Diagram of Movie to User Synergy
Linear Algebra in Machine Learning

Since Machine Learning serves as the interface between Statistics and
Computer Science, Linear Algebra facilitates the integration of science,
technology, finance & accounting, and business. Here we discuss ten existing
examples of linear algebra in machine learning, which are as follows

1.1 Dataset and Data Files

In linear algebra, a data is a matrix or a key data structure. A data set
contains the table-like set of numbers where each row represents an
observation and each column represents a feature of the observation. Each row
has the same length i.e., the same number of columns, therefore we can say
that the data is vectorised when rows can be provided to a model one at a time
or in a batch and the model can be preconfigured to expect rows of fixed width.

1.2 Images and Photographs

As computer vision applications we are more used to working with
images or photographs. All images are tabular in structure. Each picture we
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deal with has a width, a height and either one- or three-pixel values in each
cell depending on whether it is a black and white or colour image. Another
illustration of a matrix from linear algebra is a picture. The notation and
operations of linear algebra are all used to express actions on the picture, such
as cropping, scaling, shearing and other similar techniques.

1.3 One-Hot Encoding

Categorical data are variables that contain label values rather than
numeric values. The number of possible values is often limited to a fixed set.
Categorical variables are often called nominal. Categorical variables are
frequently encoded to make them simpler to use and understand via certain
ways. The one hot encoding is a common method for encoding categorical
values. In a one-hot encoding, a table is made to represent the variables, with
a row for each case in the dataset and a column for each category. The column
that corresponds to the category value for a particular row receives a check, or
one value, while all other columns receive a zero value.

1.4 Linear Regression

A technique for simulating the connection between one or more
independent variables and a dependent variable is linear regression. An
established statistical technique for explaining the connection between
variables is linear regression. In machine learning, it is frequently used to
forecast numerical values in less complex regression issues. Finding a
collection of coefficients that, when multiplied by each of the input variable,
is how the issue of linear regression is often defined and solved. The most
popular approach of solving linear regression if we have employed a machine
learning tool or library is via a least squares optimization i.e., resolved using
matrix factorization techniques from linear regression, such as a LU
decomposition or a singular-value decomposition, or SVD.

Even the typical method of rewriting the linear regression equation does
so using linear algebra notation: = A - b, where y is the output variable, A is
the dataset or matrix and b are the model coefficients.

1.5 Regularization

In applied machine learning, we frequently look for the most
straightforward models that solve our problem with the highest skill. Simpler
models are frequently more effective at extrapolating from particular
examples to new data. Simpler models are frequently described by models that
have fewer coefficient values in various approaches that include coefficients,
such as regression methods and artificial neural networks.
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Regularization is a method that is frequently used to urge a model to
decrease the size of its coefficients when it is being fitted to data.
Regularization techniques like L1 and L2 are often used. Both of these
regularization techniques, known as the vector norm, are taken straight from
linear algebra and quantify the magnitude or length of the coefficients as a
vector.

1.6 Principal Component Analysis

Principal Component Analysis (PCA) is a vital machine learning
technique for dimensionality reduction. It is a technique that calculates a
projection of the original data into the same number of dimensions or less
using straightforward matrix operations from linear algebra and statistics.
When working with high-dimensional data for visualization and model
operations, principal component analysis is suitable. We frequently eliminate
the duplicate columns when we discover unnecessary data. PCA therefore
serves as remedy. A linear algebraic matrix factorization technique is the basis
of the PCA approach. The singular-value decomposition, or SVD can be used
in place of the eigen decomposition for more reliable implementations.

1.7 Singular-Value Decomposition

Singular-Value Decomposition (SVD) is a matrix decomposition method
for reducing a matrix to its constituent parts in order to make certain
subsequent matrix calculations simpler. It has several applications in linear
algebra and is immediately applicable to many different tasks, including
feature selection, visualization, noise reduction, and more.

1.8 Latent Semantic Analysis

Natural language processing is a sub field of machine learning for
handling text input, frequently represents documents as large matrices of word
occurrences.

For example, the rows and columns of the matrix might represent
sentences, paragraphs, pages and other text-based documents, with the cells in
the matrix denoting the count or frequency of how frequently each word
appeared.

The text is shown here as a sparse matrix. This spare matrix may be
factorised using techniques like the singular-value decomposition (SVD),
which reduce the representation to its most essential components. This method
of processing documents makes it much simpler to compare, query, and build
supervised machine learning models on top of them. Latent Semantic Analysis
(LSA) and Latent Semantic Indexing (LSI) are two names for this type of data
preparation.
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1.9 Recommender Systems

Recommender system is a branch of machine learning that are used to
solve predictive modelling issues involving product recommendations.
Examples include suggesting books based on past purchases and purchases
made by customers similar to you on Flipkart, and suggesting movies and TV
episodes to watch based on our viewing history and the viewing histories of
members similar to you on Netflix. The main focus of recommender system
is development on linear algebra techniques. The computation of the similarity
of sparse customer behaviour vectors using distance metrics like Euclidean
distance or dot products is a straightforward example. In recommender
systems, matrix factorization techniques like the singular-value
decomposition (SVD) are frequently used to reduce item and user data to its
essential components for querying, searching, and comparison.

1.10 Deep Learning

Predictive modelling is the only one of the many issues that artificial
neural networks have successfully solved. These nonlinear machine learning
techniques are inspired by aspects of the information processing in the brain.
Deep learning is the current renaissance in the usage of artificial neural
networks with better techniques and faster technology that enable the building
and training of larger and deeper (more layers) networks on very large
datasets. On a variety of complex issues, including speech recognition, photo
captioning, and machine translation, deep learning techniques consistently
produce state-of-the-art results. Neural networks operate primarily by
multiplying and averaging data structures from linear algebra. Deep learning
techniques operate with vectors, matrices and even tensors of inputs and
coefficients- a tensor is a matrix with more than two dimensions- when scaled
up to many dimensions.

2. Conclusion

Linear algebra basically is the study of the planes and lines, mapping and
vector spaces, which are needed for linear transformations. Therefore, it is
necessary to know what are the application of linear algebra. In the above we
have explained those applications. Linear algebra has broader use in machine
learning from notation to the implementation of algorithms in datasets and
images. With the help of machine learning, linear algebra has got a larger
impact in real life applications such as search-engine analysis, facial
recognition, predictions, computer graphics etc.
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Chapter - 2

Application of Fuzzy Theory for Intelligent Traffic
Management in Urban Road Networks

Dr. Md Nazir Hussain

Abstract

Globally, urban road networks are congested, with unpredictable driving
behaviour and diverse traffic mixtures that affect mobility, safety, and air
quality. Traditional fixed-time and many actuated traffic control techniques
rely on precise inputs and fail to respond adequately to the uncertainty inherent
in real-world traffic. This work offers a fuzzy logic-based Intelligent Traffic
Management System (ITMS) that models uncertain traffic parameters (e.qg.,
"high density", "long queue", "moderate delay") with linguistic variables and
membership functions to create adaptive signal timing and intersection
control. The study will create a Mamdani-type Fuzzy Inference System (FIS)
with inputs like traffic density, queue length, and waiting time, and outputs
like green-time extension and phase-priority modifications. The system will
be conceived, built, and tested using microscopic traffic simulation,
Simulation of Urban Mobility (SUMO) and algorithmic simulation in
Python/MATLAB. Performance will be compared to fixed-time and actuated
controllers based on measures such as average delay, queue length,
throughput, and environmental indicators (fuel consumption/CO: estimates).
Expected benefits include a demonstrated reduction in average waiting time
and line length during peak and off-peak periods, as well as a strong control
strategy appropriate for mixed-traffic scenarios common in many growing
cities. This study tries to bridge the gap between theoretical fuzzy-control
approaches and real, deployable traffic management solutions that work with
existing intersection infrastructure.

Keywords: Fuzzy logic, MATLAB, Traffic management
Introduction

Traffic congestion is a fast developing issue in major cities around the
world. With growing populations, economic development, and an increase in
vehicle traffic, metropolitan road networks are frequently pushed beyond their
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original capacity. Many cities' traditional traffic light systems operate on
predefined timings that do not adjust to real-time route circumstances. These
systems rely on consistent and exact inputs, which rarely represent actual
traffic behaviour.

Fuzzy theory provides an adaptive method for reasoning with uncertain,
imprecise, or missing data. Rather than using binary true/false logic, fuzzy
logic permits variables to belong to many categories to varied degrees. This
function mimics human reasoning and decision-making processes, making it
ideal for handling complex traffic situations.

This paper introduces the overall motivation for the research, the need for
a smarter traffic management strategy, and an overview of fuzzy logic in
intelligent transportation systems (ITS). This study examines research in
traffic control, fuzzy logic applications, and intelligent transportation systems.
Traditional systems are investigated, including fixed-time controls, actuated
signals, and adaptive techniques such as Split Cycle Offset Optimization
Technique (SCOOT) and the Sydney Coordinated Adaptive Traffic
System (SCATS). While useful to some extent, these technologies frequently
rely on exact sensor data and necessitate lengthy calibration.

Fuzzy logic has been extensively researched for traffic control due to its
ability to handle uncertainty. Several studies have demonstrated that fuzzy-
based techniques increase delay reduction, queue management, and
intersection throughput. Hybrid models that combine fuzzy logic with neural
networks, evolutionary algorithms, and reinforcement learning have also been
investigated for improving system flexibility and performance. Despite
significant advances, there are still gaps in real-time deployment, scalability
for rising metropolitan regions, and dealing with the diverse traffic situations
found in developing countries.

This study's methodology is systematic, with steps such as data collecting,

fuzzy system design, rule creation, membership function development, and
simulation. Traffic statistics, such as vehicle count, queue length, and waiting
time, were gathered at urban crossings. These inputs were divided into fuzzy
categories like low, medium, and high.
A Mamdani-type fuzzy inference system was chosen for its interpretability
and broad applicability. Membership functions were defined with triangular
and trapezoidal shapes. Based on expert knowledge and research, 27 fuzzy
rules were developed.

Simulations were carried out using Python's scikit-fuzzy module and
MATLAB's Fuzzy Logic Toolbox. Waiting time, line length, and vehicle
throughput were all used to evaluate performance.
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The fuzzy logic model consists of three major components: fuzzification,
fuzzy inference, and defuzzification. The input variables are traffic density
(vehicles per minute), queue length (meters), and waiting time (seconds). Each
variable was separated into linguistic groups and assigned membership
functions.

Fuzzy inference examines rule conditions, such as: If traffic density is
high, queue length is long, and waiting time is high, the green time extension
is long. The centroid approach is used in the defuzzification process to
transform fuzzy outputs into precise green-time adjustments. The simulation
environment was designed to emulate real-world intersection situations. The
baseline performance was measured using a fixed-time controller, followed
by the execution of the fuzzy logic controller. The key parameters compared
are average waiting time, queue length, and throughput.

The results show that employing the fuzzy model reduces average waiting
time by up to 35% and queue length by 20-40%. These findings support the
effectiveness of fuzzy theory in real-time traffic control.

A comparison of fixed-time, actuated, and fuzzy logic controllers
demonstrates that fuzzy logic outperforms the other two under a variety of
traffic circumstances. Fixed-time systems cannot react to real-time
fluctuations, whereas actuated controllers rely significantly on exact sensor
data. The fuzzy system'’s capacity to accept imprecise inputs and apply human-
like reasoning makes it especially useful in unexpected traffic patterns.

This research demonstrates that fuzzy logic is an effective framework for
intelligent traffic management. The proposed methodology effectively
decreases congestion and improves signal responsiveness in dynamic settings.

Future research may look into integration with the integration of
Internet of Things (1oT)-based sensors, hybrid deep learning-fuzzy systems,
and city-wide adaptive traffic coordination. In conclusion, the goal of this
research is to demonstrate the feasibility and usefulness of using fuzzy logic
to urban traffic control, as well as to contribute to scalable smart city solutions
that support sustainable transportation systems. Successful implementation
may open the way for the real-world deployment of intelligent, adaptive, and
context-aware traffic management systems in emerging and developed cities.
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Chapter - 3

Flow and Heat Transmission of Fenugreek Paste in Porous
Medium across a Non-isothermal Stretching Sheet

Dr. Ruhul Kuddus Ahmed

Abstract

Fenugreek paste exhibiting shear-thinning nature of flow at different
temperature is considered in this study. The flow and heat transmission of
fenugreek paste in porous medium across a non-isothermal stretching sheet
employing Power-law fluid model is investigated. The varying thermal
conductivity is taken as a linear function of temperature. The resultant coupled
nonlinear governing equations and the relevant boundary conditions of the
fenugreek paste flow are reduced to self-similar form using suitable similarity
transformation. MATLAB's "bvp4c" solver is utilised to perform the
numerical computations. The numerically obtained results of velocity and
temperature are represented graphically for different values of involved flow
feature parameters and conclusions are drawn from physical point of view.

Keywords: Fenugreek paste, Power-Law fluid, Flow index, stretching sheet,
non-isothermal

1. Introduction

Fenugreek (Trigonella Foenum-graecum) is widely grown in
Mediterranean region, Indian, and China. It contains protein, amino acid, 4-
hydroxyisoleucine, fatty acid, carbohydrates, fiber. The fenugreek seed also
contains flavonoids, coumarins, saponins, calcium, phosphorous, iron, zinc,
and manganese. It can lower blood sugar levels in diabetes, useful for
atherosclerosis,  constipation,  diabetes,  high  cholesterol  and
hypertriglyceridemia, a substitute for cod liver oil in scrofula, rickets, anemia
debility following infectious diseases as presented by Schryver (2002).

The mathematical analysis of rheological parameters is essential to the
design of flow operations, quality assurance, storage and processing stability
measures, texture prediction, and the understanding of molecular and
structural changes in food ingredients. The rheological characterization of
food items offers crucial information for food scientists, techniques for
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choosing ingredients that will help them design, develop, and optimize their
goods and production processes and create packaging and storage plans as
discussed by Ofoli (1990). Mathematical analysis of reliable and accurate
steady rheological data is necessary to design continuous-flow processes,
select and size pumps and other fluid-moving machinery and to evaluate
heating rates during engineering operations which include flow processes and
concentration, and to estimate velocity, shear, and residence-time distribution
in food processing operations as presented by Krokidaet al. (2001).

The latest research on the rheological characteristics of products made
from fruit and vegetables has been presented by Diamante and Umemoto
(2015). Isikli and Karababa (2005) demonstrated the rheological
characterization of fenugreek paste for temperature variation with the help of
mathematical model. Brummer et al. (2003) investigated the flow behaviour
of fenugreek gum with the help of physicochemical properties and illustrated
the extraction and purification process of it. Mansour and EI-Adawy (1994)
examined the nutritional potential of germinated fenugreek seeds and also
studied the functional properties due to heat treatment.

One of the most popular and widely used models in the food processing
sector is the power-law fluid model. Despite being only aempirical
relationship between stress and velocity gradients, this model has proved
useful in studying the flow behaviour of non-Newtonian fluids. The power law
constitutive fluid model has been employed extensively by many researchers
like Schowalter (1960), Anderssonet al.(1992), Azizet al.(2015),
Abdullah et al. (2018) and Saritha et al. (2018).

Modern technology demands have sparked a great deal of research
interest in fluid flow investigation, which examine the interactions between
various physical phenomena. One such research, which is crucial to
engineering and metallurgy, such as thermal oil recovery, drag reduction,
transpiration cooling, etc. examines heat transfer in boundary layer flow
across a stretched sheet. Sakiadis (1961) was the first to perform this kind of
work, and Crane (1970) expanded it to include a stretched sheet. Several
scholars have expanded the latter work to incorporate the impact of heat and
mass transport characteristics under various physical conditions Gupta and
Gupta (1977), Chen and Char (1988), Tsou et al.(1967), McLeod and
Rajagopal (1987).

The mathematical modelling of fenugreek paste based on rheological
flow parameters for processing applications point of view is considered in this
study. The study aims to examine the effects of various physical flow
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parameters on the velocity and temperature profiles and to compare the flow
patterns and temperature distribution for different values of flow behaviour
index to get physical insight of the problem.

2. Mathematical Formulation

An incompressible, steady state of fenugreek paste contained in a
saturated porous media that obeys power-law fluid model across a non-
isothermal stretching sheet is taken into consideration for this investigation.
The flow is contained at y > 0 and the fluid motion is generated in the
stretching sheet with the help of two equal and opposite forces along the x-
axis keeping origin stationary. To estimate the temperature difference between
the ambient fluid and the surrounding surface, flow's temperature-dependent
heat source/sink parameter is considered. The non-isothermal boundary
conditions viz, surface with prescribed power law surface temperature is taken
into account in this study. Equations describing the flow of non-Newtonian
fenugreek paste are as follows:

uy+v, =0 (2.1)

K n v
U, + vu, = — B(—uy )y - v (2.2)
pe,(uTy, +vT,) = (kTy)y +Q(T — Ty (2.3)
The appropriate boundary conditions are given by
X
Aty=0:u=bx,v=0,T=TW=TOO+A(7) (2.4)
Asy o o0:u—-0,T > T, (2.5)

where, u- velocity in the x-direction, v- velocity in the y-direction, p-
fluid density, v-kinematic viscosityK' — permeability of the porous medium,
n-flow index, K — consistency coefficient, c, — specific heat at constant

pressure, Q —heat source when Q > 0, Q —heat sink when Q < 0, Ty, - plate
temperature, T,, -plate temperature far away from plate, k - thermal
conductivity, A-constant.

The stream function u = ¥, and v = —W,is defined to proceed with the
analysis. The continuity equation is shown to be self-satisfying. We also
define dimensionless temperature and similarity transformations as:

Page | 23



-1 1

pbl_zn n+i 2n pbz_n n+1 1-n
Y = xntif(n),n =y x1+m,6(n)

K K
T—T,
== (2.6)
T, —T.,
X
where T, — T, = A (T) 2.7)

Thermal conductivity varies with the temperature in the following form
k= km(l + ee(n)), where ¢ is a small parameter and k..is the conductivity
of the fluid far away from the sheet.

The following physical parameters are introduced

K

1
v ¢, (p?h3 D\ 2(n-1)
pr = P_p<_p ) d 2.8)

=— 1 =

K’ r koo KZ X nt f(n)tﬁ ,DCpb
Here, K, - porosity parameter, Pr - Prandtl number, 5- heat source/sink
parameter.

Equations (2.2) and (2.3) are transformed with help of the similarity
variables (2.6) and physical parameters (2.8) as follows:

nf"'(=f" "t + 20+ DT - (F)? —Kif =0 (2.9)
(1+26)8" +(0)2+Pr@2n(n+1)7f6' — (' —p)O) =0 (2.10)

The boundary conditions (2.4) and (2.5) in view of (2.6) are reduced as
Atn=0:f=0, f'=1,0=1 (2.11)
Asn - oo f'>0,6-0 (2.12)
3. Method of Solution

Matlab's built-in numerical method "bvp4c" is a collocation method for
solving differential equations with non-linear boundary conditions where the
parameter g is unknown. Unlike the shooting method, this one is based on an
algorithm and can effectively solve differential equations. The approximation
of y(x) for any x in [a, b] according to boundary conditions can be computed
effectively. This approach involves substituting a finite point that reasonably
satisfies the problem instead of the infinity criteria at the boundary.

The self-similar governing equations (2.9) and (2.10) are transformed to
differential equations of the first order as follows:

f=yuf =y "=y, 0=y,0 =ys 3E.1)

Page | 24



Yi=Y2 Y2 =Y3Yi=Ys 3.2)

PRI PP 2n 3.3
s = (=¥s) [(yz) + Ky —mylys] (33)
;L 1 2_p { 2n 3.4
Vs = m[—f()’s) — P s - (2 —ﬁ’)}’4}] (3.4)

The boundary Conditions (2.11) and (2.12) are transformed as
¥1(0) =0, y,(0) =1, y,(0) = 1,y5(0) = -1 (3.5)
Y2(0) = 0,y,(c0) =0 (3.6)

In order to calculate the aforementioned equations and the various related
flow feature parameters, the MATLAB built-in solver 'bvp4c' is used.

4. Results and discussion

The profiles of horizontal velocity(f’ (7)) and temperature(6(n)) for the
fenugreek paste in porous medium across a non-isothermal stretching sheet is
examined. The impact of involved flow parameters, viz. flow index (n),
porosity parameter (K;) , Prandtl number P(r), thermal conductivity
parameter (¢) and heat source/sink parameter(f)are examined to get clear
physical insight of the problem. The numerically computed values of
velocity(f'(n)) and temperature(e(n)) are presented graphically in Figs. 4.1
-4.7.

Figs. 4.1 and 4.2 demonstrate the impact of flow index (n) and porosity
parameter (K;) on the profiles of horizontal velocity(f'(n)). From Fig. 4.1
it’s clear that the horizontal velocity decreases monotonically and tends to zero
with the increase of space variable n from the boundary. The reducing values
of flow index of fenugreek paste exhibiting pseudoplastic nature helps to
enhance the velocity profiles and consequently boundary layer thickness
diminishes. It is noticed from Fig. 4.2 that the growth of porosity parameter
(K7) reduces the horizontal velocity. The influence of porosity helps to resist
the fluid motion and thus enhance the deceleration of the flow.

The influence of flow index (n) and porosity parameter (K;) on the
temperature profiles are depicted in Figs. 4.3 and 4.4. From Fig. 4.3 its clear
that the temperature of the fluid enhances with the reducing values of flow
index (n) and monotonically diminishes to zero in the free stream region and
thus reduces the boundary layer thickness. The growth of porosity parameter
(K7) though initially reduces the temperature profile but gradually it enhances
with increasing distance of space variable 7.
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The effect of Prandtl number (Pr) on the temperature profile (9(77)) is
shown in Fig. 4.5. The temperature profile reduces with the growth of Prandtl
number and tends to zero at the boundary. The result is justified as Prandtl
number reduces boundary layer thickness. The impact of heat source/sink
parameter () on the temperature profile (9(17)) is displayed in Fig. 4.6. It is
noticed that the temperature profile diminishes with the growth of 8. The
result is obvious as more fluid enters into the system, the fluid temperature
decreases. The influence of thermal conductivity on the temperature profile
(e(n))is shown in Fig. 4.7. The growing thermal conductivity parameter(¢)

enhances the temperature profile (9(77)) for the fenugreek paste.

Table 4.1: Rheological parameters of Fenugreek paste ["]

0.6

fop — 5

Product T (OC) k (Pa sn) n
10 3.7490 0.595
Fenugreek Paste 20 5.3440 0.567
30 12.4200 0.515
1 \ ’
0l —n=0.595
sk -=-n=0567 -

0.04

Fig 4.1: f'(n) versus n for variation of n taking K; = 0
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Fig 4.4: 6(n) versus n for variation of K; takingn = 0.567,8 = 0.1,Pr = 1,6 = 0.1
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Fig 4.5: 6(n) versus 7 for variation of B. takingn = 0.567,8 = 0.1,K; = 0, = 0.1

12 ‘

0(n) — >

Fig 4.6: 6(n) versus n for variation of g takingn = 0.567,K; = 0,Pr =1, = 0.1
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Conclusion

The following conclusions can be drawn from this study:

The horinzontal velocity diminishes with the growth of flow index
and porosity parameter and consequently boundary layer thickness
reduces.

The reducing values of flow index enhances the temperature of the
fenugreek paste across the non-isothermal stretching sheet.

The temperature profile for fenugreek paste reduces initially with the
growth of porosity parameter but gradually it enhances with growing
distance of space variable.

The growth of Prandtl number reduces the temperture profile and
thus boundary layer thickness diminishes.

Thermal conductivity parameter enhances the temperature profile but
the rising values of source/sink parameter reduces the fluid
temperature.

Scope For Future Work

Due to multiple potential applications in engineering and the food
industry, there is lots of scope for further research. Fluid flow concerns with
diverse geometries can also be considered based on the requirements of the
food processing industries. This study investigated a few fluid characteristics;
however, future research might cover many more rheological fluid qualities

vital to the engineering and food industries. The flow simulation may give a

clear picture of the results.
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Chapter - 4

The Potential of the So? Value

Elen Borang and Sujata Goala

Abstract

A key challenge in economic allocation problems is finding a balance
between marginalism and egalitarianism. In cooperative game theory, this
trade-off can be understood as deciding whether to distribute payoffs based on
the Shapley value, which reflects each player's marginal contributions, or the
Equal Division rule, which splits the value equally among all players. This
chapter examines a particular class of solutions for cooperative TU-games that
admit a potential function, particularly the potential associated with the
Shapley value. In this work, we propose a modified potential function and
establish its recursive relationship with the So¢ value. Furthermore, we prove
the uniqueness of the So? value using the same potential function.

Keywords: So¢ value, Cooperative TU-games, Potential.
1. Introduction

In economic contexts, players often form coalitions to maximize their
collective gains. A key challenge lies in determining how to fairly allocate the
cooperative surplus among the participating players. Game theory offers a set
of mathematical tools to systematically analyse such distribution problems in
cooperative settings. Cooperative game theory addresses the allocation
problem by determining how to distribute the total payoff among participating
players in a fair and stable manner. The field of cooperative game theory has
developed several distinct solution concepts, each providing different
approaches to value distribution in coalitions.

The Shapley value ! and the Equal Division rule ©! are arguably the two
most prominent solution concepts in cooperative game theory. They differ
fundamentally in how they assess players' contributions to coalitions. The
Shapley value follows a marginalistic approach, assigning payoffs based on
each player's pure marginal contribution, whereas the Equal Division rule
adopts an egalitarian perspective, allocating the total payoff equally among all
players.
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Hart and Mas-Colell 1 were the first to introduce the potential approach
in cooperative transferable utility games. In a seminal result, they
demonstrated that the Shapley value ! can be obtained as the vector of
marginal contributions derived from a particular potential function, and
further showed that this marginal contribution vector of the function coincides
with the Shapley value.

In this chapter, we examine the So¢ value from several perspectives.
First, we derive a revised potential function corresponding to this value. We
then prove the uniqueness of the So¢ value using a potential function.

2. Preliminaries

A cooperative game with transferable utility (TU-game) is a pair
(N, v) where v: 2V — R is the characteristic function such that v(@) = 0. The
set of all TU games over N is denoted by G(N). A player i € N called the
Null player if v(§ Ui) =v(S)forall S € N\ i. Aplayeri € N called the
Nullifying player if v(S) =0 for all S © N such that i € S. The basic
assumption in cooperative games is the formation of grand coalition N. The
number of players in coalition S is denoted by s = |S|. For a game (N,v) €
G(N) and a coalition T € 2" \ {@}, the subgame with player set T is the
game (T ,v|y ) defined by v|+(S) = v(S) for all S € 27. A solution of a
game is an n-vector which assigns payoffs to each player in N. An allocation
rule (efficient) is a function @ : G(N) — R™ which allocates the value of the
grand coalition to the players in some reasonable manner. There are many
solution concepts which have been proposed over the years. The one point
solutions are called values. The Shapley value is the most popular value for
TU games. The Shapley value ®5" due to shapely ! is defined by
n—s—1)!s!

() = -

SEN\i

[v(S ui)—v($)].

The Equal Division (ED) [ rule is another important value for TU games
defined by

v(N)
n

OEP (v) = foralli €N

In the study of TU-games, solution concepts are often characterized by
the following well-known properties:
o Efficiency, if ey ©;(v) = v(N).
e Anonymity, if for any permutation m: N — N, one has &;(v) =
& (i) (rv), where the TU game v is defined by v (wS) = v(S).
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o Symmetry, if for all symmetric players i,j € N, where v(S U i) =
v(S uj)forallS € N\ {i,j} we have ®;(v) = ®;(v).

e Linearity, if for each pair v,w € G(N), and a,8 € R, ®(av +
pw) = a ©(v) + g d(w).

e Null Player Property, for each i € N, who is a null player, ®;(v) =
0.

o Nullifying Player Property, i € N, for each who is a nullifying
player, ®;(v) = 0.

o Desirability, for all N, v € G(N), and i,j € N such that v(S U
D—v(lS) =2 vl Uj)—v(S) for all S <N\ {i,j } we have
(Di(v) = CD](U)

e Positivity, for all N, v € G(N), and i € N such that v is
monotonic, ®;(v) = 0.

In shapely P, the Shapley value is characterized by four key axioms:
Efficiency, Anonymity, Linearity, and the Null Player Property. In contrast,
the Equal Division rule is characterized in van den Brink [ using a similar set
of axioms: Efficiency, Anonymity, and Linearity and the Nullifying Player
Property. In [, Casajus and Huettner proposed a &-parameterized family of
solutions, denoted as the class of Solidarity values, whose extremes coincide
with the Shapley value and the Equal Division rule. This value is referred to
as the So¢ value, defined by,

i3 _ . v(N) .

SOl- W) = SInT + Z Pns- [(1 - Es+1)-v( Sui)-— 1- fs).U(S)]

S'SN\i

foralli € Nand v € G(N), where & = ,forle N, €R\

L&
(1-1).6+1
{—%,q € N} and

_(n—s—l)!s!

p?’l,S n|

Hart and Mas-Colell ™! introduced the potential function approach to
characterize the Shapley value. The potential function is defined as a real-
valued function P such that the sum of the marginal contributions of all
players, as determined by P, equals the total worth of the grand coalition.
Remarkably, the Shapley value can be expressed as the vector of marginal
contributions derived from a specific potential function. Given a function
P: G — R that associates a real number P(N,v) to every game (N,v) € G,

Page | 37



the marginal contribution D;P(N, v) of a player i € N is denoted by
D;P(N,v) = P(N,v) — P(N \ i,v|y;) (1)

A function P: G —» R with P(@,v) = 0 is called potential function if it
satisfies

YienDiP(N,v) = v(N), for all games (N,v) € G.

Theorem 1: Bl There exists a unique potential function P. For every game
(N,v) the resulting payoff vector D,P(N,v) of marginal contributions
coincides with the Shapley value of the game.

3. The &-Potential Function

Hart and Mas-Colell I demonstrated that there exists a unique potential
function P such that the vector of marginal contributions assigned by P
coincides with the Shapley value of the game which is already stated in
Theorem 1. Later, Dragan @ proposed a modified potential function @, which
does not enforce efficiency normalization, to characterize the Banzhaf value.
However, due to the egalitarian nature of the So¢ value, directly allocating
marginal contributions to individual players is inappropriate. To address this,
we introduce a revised potential function defined as follows.

Definition 1: A function P:G — R with P$(@,v) = 0 is called a &-
potential function if it satisfies for all games (N, v),

Z DPE(N,v) = v(N) — @ v(N\ D).

iEN lEN

Clearly, D;P(N,v) = PE(N,v) — PE(N \ £,v) + 22225, w(N \ D).

Consequently,

Z D,PE(N, v) = Z Sof (N, v) + Z f"T‘ll v(N\ D)

ien ien ieEN
=v(N)+ Zlezv — v(N\ D)
= Yien[DiP*(N,v) + — v(N\ D] =v(V).

From Definition (1), for all subgames (S, v|s):

> 0PES, vl = v S wis \ b,

i€es LES
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=>Z[Pf(5,v|s) — PE(S\ i, vls0)] = v(S) —& v(S\ 0).
i€S LES
sPE(S, vls) —pr(S\i,ws\i) — v(S) — fs LN s\ o).
i€eS lES
1 .
PES,vls) = < ZP*‘(S \ i, vs\i) +v(S) — f = > v(s\ l)] 2)
iesS LES

v § € N with P¢(@,v) = 0.
Proposition 1: For any game (N, v) € G,
1 (s=1D!'n-:9)!
PEW,Y) = ~v(V) + ) ——— = (1= §)v() (3)
SSN '
Proof: We prove by induction, P¢ (@, v) = 0 is obvious.

Assume that,

PE(N\ i vlw) = 220V \ D
s—-D'n—s-1)!
+ Z oA &)

SSN\i

From the recursive Definition (2) of the & -potential function,

s‘nl

PE(N,v) =%[Z PE(N\ i, vlyy) + v(N) — v(N \ i)
o 1&
n[f” GALE: S;\i S %ff o - e wis). [+ 20
- 2552, YD
= 0 g [t - e Sienv(N\D
= Tien Tsemim e (1= £)v(S)
_ v(nN) o ;SCW (s — 12;@ ;)'s - 1! (1 £39(S)

=T Tsemi gy (1= v (S).
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Remark: Although the potential of the Shapley value is known from the
work of Hart and Mas-Colell B, the potential corresponding to the Equal
Division (ED) value has not been explored in the literature. In particular, when
& =1, our framework yields the potential corresponding to the ED value,
whereas for & = 0, it reduces to the potential of the Shapley value.

Definition 2: The vector of adjusted marginal contributions according to
the & -potential function coincides with the So® value, we denote by
A;P% (N, v) the adjusted marginal contribution for all i € N

As

A;PS(N,v) = PS(N,v) — PE(N \ i,v) + 5”_‘11 v(N \ i).
A;PY(N,v) = D;PE(N,v) + %v(N \ 0). (4)

Theorem 2: There exist a unique £ -potential function P% on G(N). The
payoff vector APS(N,v) = (AL-PE(N, v)) coincides with the So% value
N

i€
So%(N, v) for every game(N, v) € G(N).

Proof. The existence and uniqueness of the £ -potential function P®
follow directly from equation (3). To show that AP$(N,v) = So%(N, v) for
every game (N,v) € G(N), it is sufficient to check that all the axioms in
casajus [ which uniquely determine the So® value are also satisfied by AP?.
Efficiency of AP? is just from the definition of the £ -potential function.

i.e.
En-1 .
A;P5(N,v) = » D;PS(N,v)+ ) ———v(N\i)
= v(N) — %Z;U(N \ ) +Zvjn__11U(N \ ]
= v(N).

Secondly, we can obtain the additivity P% by (3) that is PS(N,v + w) =
P3(N,v) + P5(N,w)

for any game (N, v), (N,w) € G(N).
Let, v, w € V(N),u = v + w so that u(S) = v(S) + w(S)

We prove additivity by induction on the number of players n.
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Suppose, N = {i}, then

PE({ihv) = ~v((i)), PA(ilw) =2w({@}) and P({i}v+w) =
~( +w){D =~ v + w({@]

Therefore, PE({i}, v + w) = P3({i}, v) + P5({i}, w).

Assume P? is additive for all games with fewer than n players.

Let N be a set of n players. Using the recursive formula (2) for game u =
v+ w.

PE(N, v +w) = %[Z PS(N \ i, (v + W) i) + (v + w)(N)

Enl

Z(v +w)IN\ D)

iEN

- %[Z PS(N \ i, (v + w)lwyi) + v(N) + w(N)

En 1
w+w)(N\iQ)
1 ZPE(N\MA -)+v(N)—E"—1 v(N\ )
_Tl » VIN\I l
iEN iEN
1 n—1
+= ZPE(N\i,WIN\i)+W(N)— ; ZW(N\l)

= P5(N,v) + P5(N,w).

Hence, it is trivial to verify the additivity of DP% as well as AP% by
equations (1) and (4).

Next, let i and j be symmetric players in game (N, v). We first show that
PE(S\j,vls\j) = P2(S\ i,vls\;) for all S € N,S 3 i, j. It is trivial for S =
{i,j}. Suppose that it holds for all such subgames 2 < s < n.

We have:

P (N \Jj,vlng) = PS (N \ &, vln)
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> PN G vlinga) + VN )

n KEN\ j
En—l .
IR IGANIAS)
KEN\j
1
o1 Z ’PE(N \ i, kL, vlmging) + V(N \ D)
kEN\i
En—l .
] v(N\ {i, k})
KEN\i
— Z _PE(N \ Uk} vlngiag) = z _PE(N \ {i, k}'le\{i,k})‘
kEN\j KEN\i
=0

Since, v(N \ i) = v(N \ j), the symmetry of AP? is verified as follows.
A;PY(N,v) — A;PY(N,v)

= D;P5(N,v) + f"_‘ll v(N\ i) — [DjPE(N, v) + j"_‘ll v(N \j)]
= PN\ j,vIyy) — PS(N \ i, vlny)

=0.
Next, leti € N be a& -Player. ,i.e.,
(”ES_S)”(S) —v(SUi) VSCN\L
Forj #1i,j € N, using the proposition (3) we have to prove that
APRF(N,v) = ABF(N \ j,v)

Now,

APS(N,v) = PS(N,v) — P5(N \ j,v) + :"_‘11 v(N\ j)
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v(N) (n—=s)(s—1)!

= n + .y (1 =8)v(S)
SCN '
v\ | (n—s—l)'(s—l)
-EREL S e TR G DL
SCN\j
E" : (N )
N N n—1
_g, ”( ) (1—En)v( ) (nE ) (N\J)
— )l (s -1
W [(1 =&, )v(S U )
SCN\j

— (1 =%)v(9)]

— | —
4 Z ("S)n# [(1=E, DS U — (1 —-E)v(S)]

SCN\j
—§n<1+ S 1)v(N\l)

+ ) A= 5 U - (1= EJu(S)]
SCN\J,i€S

—)i(s—1)!
e S @RI e

SCN\J,i¢S

-1 -&)v(S)]

En 1 U(N\l)

- w[(l_gs)v(s U\ D) = (1= §_)v(S \ )]

SCN\j
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—s—1
(n—s-D!s! [(1=8HvS U ) — (A —&_Dv(S)]

Tl
SCN\J,igS
= f"_‘ll v(N \ Q)
N [(n—s)!'(s—l)!
SEN\{i,j} "
—s—1D!(s)
M} [(1 = E)v(S UJ) — (1 — &_)v(S)]
En 1 U(N \ l)
(n—s—l)'s—l) ]
+ Z ol = G U ))
SCN\{i,j}
—(1- zs)vm] 5)
Again,
ABEN N\ j,v) = POV jv) = PRV \ 1], 9) 4 20\ (i)
N N , n—2
_ vgl _\11) _( n\_{lzj}) § LN (6)
—s—=1D!(s =1
£ - S(n 2 G - (s U D)
SEN\{i.j} '
— (1= E)v(S)]
= Iy vy + oy gy - )y gy
ms— DI —n .
* Z R T (R AOUCI)
SEN\{i,j}

— (1 =&)v(s)]

En— , nm-s—-D!I(-1)! .
= WD+ Y e [ B )u(S U D)
SEN\{i,j}

— (1 =5)v(S] (6)

Hence, from equations (5) and (6), we get

AP*(N,v) = AB*(N \ j,v).

Therefore, AP$(N, v) coincides with the So*(N, v) on G(N).
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Chapter -5

A Discussion on Some Extensions of Reversible Rings and
Their Connections with Weak-a Symmetric ring"

Manjuri Dutta

Abstract

In this article, we have studied the connections of a weak a-symmetric
ring to some other classes of rings with respect to the ring endomorphism a.
Moreover, we have attempted to provide some counterexamples to justify
these relationships.

Keywords: weak a-symmetric ring, semi commutative ring
Introduction

Throughout, R denotes a ring with unity 1 that satisfies the associative
condition. End(R) and Nil(R) stands for the set of ring endomorphisms of R
and the set of nilpotent elements of R, respectively. A ring is called reduced if
it has no non-zero elements. The set Nil(R) contains no non zero nilpotent
elements whenever the ring R is reduced. Again in 1999, P.M.Cohn ! termed
aring R as reversible ring if xy = 0 = yx = 0 for x, y in R. A ring which is
commutative or reduced is always symmetric as well as reversible. But from
these two above definitions, it can be said that a symmetric ring is reversible
whether the ring is commutative or not. To establish it, D.D. Anderson and V.
Camillo provided the examples of a non symmetric reversible ring (Example
1.5) and commutative non reduced symmetric ring (Example 11.5) in . Again
in 2010, L. Ouyang and H. Chen [l called a ring as weak symmetric if for any
X, ¥, 2 in R, xyz € Nil(R) = xzy € Nil(R). They proved that symmetric rings
are clearly weak symmetric ring and a weak symmetric ring was provided as
a counter example 2.2 of ' to validate this generalization but which is not
symmetric. Again, R is semicommutative if xy = 0 for x, y € R, implies for
any r of R, xry = 0. A reversible ring is also semmicommutative. But the
converse of the above does not hold as Example 1.5 and Example 1.10 (3) of
[71

In 1, Krempa defined that a ring endomorphism is rigid if xa(x) = 0= X
= ( for x in R. He also defined that R is known as a- rigid whenever there is
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an endomorphism o in R such that it satisfies a- rigid condition. Also, in ¢, R
is said to be a-compatible ring whenever xy =0 &xa (y) =0 for x and y in R.
In 231 L.Ouyang defined weak o-compatible ring as xy € Nil(R) & xa (y) €
Nil(R). Again T.K. Kwak [ called an ring endomorphism o as right
(respectively left) symmetric if xyz = 0 = xza(y) = 0 (respectively a(y)xz =
0) where X, y, z in R. If there is a right (respectively left) a-symmetric
endomorphism, then the ring R will be a right (respectively left) a-symmetric.
R is known as o-symmetric, if a shows the right and left a- symmetric
conditions at the same time. Example 2.2 of ¥l is provided to show that the
right and left a- symmetric rings are different from each other. Thus, the term
a-symmetric ring generalized the concept of a- rigid ring. On the other hand,
a new term a-reversibility of ring is introduced in 131, They defined that a ring
R is right (respectively left) a-reversible if it satisfies ya (x) = 0 (respectively
a (y)x = 0) whenever it is given that xy = 0 for x and y in R. R is named as a-
reversible if R follows left and right a-reversible condition together. They also
furnished the Example 2 in 5 to show the difference between right and left
a-reversibility. They proved that each a-symmetric ring is a-reversible. L.
Ouyang introduced a new concept called weak a-rigid endomorphism, on the
basis of the set Nil(R) and generalized o-rigid ring as weak a-rigid [*31,
Similarly, the term weak a-reversiblility of a ring endomorphism is introduced
in 1. An endomorphism a is weak reversible if xy € Nil(R)=ya (x) € Nil(R)
for x and y in R. If there is a weak a- reversible endomorphism, then R is
termed as weak a-reversible.

1. Weak a-symmetric ring:

Aring R is termed as a weak a-symmetric whenever xyzeNil(R) for any
X, Y, z in R implies xza(y)eNil(R) [*4.. If we consider this given definition as
right weak o-symmetric ring, then as usual whenever xyzeNil(R) for any X, y,
z in R implies a(y)xzeNil(R) will be considered as left weak a-symmetric
ring. Remark 2.1 shows that there is no difference between left or right
symmetricity of a in the study of weak a-symmetric ring. For any a€ End(R),
domains are weak o-symmetric. Moreover weak a-symmetric ring is an
extension of symmetric ring as well as a-compatible ring.

In the next section we will explore various results of weak a-symmetric
ring on the basis of its definition related to some classes and extension of
reversible ring.

2. Results

Remark 2.1: R is right weak a- symmetric = R is left weak a-Symmetric
ring and vice versa.
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Proof: By the definition of right weak a- symmetric ring, xyz € Nil(R)
implies xza(y) € Nil(R). There is some n€ N such that (xza(y))" = 0. Thus
a(y){xza(y)...xza(y)}xz = 0 implies (a(y)xz)"*= 0 = a(y)xz € Nil(R).

Proposition 2.2: A symmetric and o-compatible ring is weak o-
symmetric.

Proof: Let us consider X,y and z in R so that xyz € Nil(R). Then (xyz)™=
0 for some m € N. It implies Xyzxyz...xyzxyz=0=> Xyzxyz...xyzxzy=0 as R
is symmetric. Now xyzxyz...xyzxzoa(y) = 0 given that R is a-compatible.
Again, by using symmetric condition of R, xzo(y)xyz...xyz = 0. Now
continuing the same process, we get (xzo(y))" = 0. Thus xza(y) € Nil(R).

The following example is provided to justify that we cannot omit the a-
compatibility in a symmetric ring R to get it as a weak a-symmetric ring.

Example 2.3: Let us consider that R = Z @ Z and which is ring under
component wise addition and multiplication. Here, R is symmetric as the fact
that R is reduced. We define a from R to R such that a ((x, y)) = (v, X) where
(X, ¥) € R. It can be simply verified that R is not a-compatible ring. Here
(1,0)(1, 0) a ((0,1)) = (1, 0) is non nilpotent element in spite of (1,0)(0, 1)(1,
0) € Nil(R). Consequently, R = Z @ Z is not weak a-symmetric.

Proposition 2.4: A a-symmetric and semicommutative ring is weak o -
symmetric.

Proof: Let us assume X, y and z € R so that xyz € Nil(R). So, there is
some n € N for which (xyz)"=0. It implies (xyz)(xyz)...(xyz)(xza(y)) =0 as
R is a-symmetric. It implies (xyzxyzxyzx)(zxzo(y))o(y) = 0 using the same.
Again, by semicommutative condition of R,
(xyzxyz...xyzxz)o(y)(xzo(y))a(y) = 0. Continuing the same process, finally
we obtain xza(y) € Nil(R).

It is very easy to prove the next Lemma.

Lemma 2.5: If x € Nil(R) = a(x) € Nil(R) where a€ End(R). Converse
is also true whenever o is monomorphism.

Lemma 2.6: R is semicommutative = R is weak symmetric ring.

Proof: Let X, y, z € R so that xyz € Nil(R). It implies = (xyz)k = 0 for
some k € N. So x(yz...xyz) = 0 = xz(yzxyz...xyz = 0 because, R is
semicommutative. Again, repeating this process and using semicommutivity
of R we will get xzy € Nil(R).

Lemma 2.7: If R is weak symmetric, then xyz € Nil(R) = any
arrangement of product of x; y and z is also in Nil(R).
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Proof: Here xyz € Nil(R) implies xzy € Nil(R) by definition of weak
symmetric ring. Again xzy € Nil(R) implies 1(xz)y € Nil(R) = yxz € Nil(R)
= 1(yx)z eNil(R) = 1.z.(yx) = zyx € Nil(R) as R is weak symmetric.
Continuing the process, we can find that any arrangement of x, y, z in Nil(R).

Proposition 2.8: Weak a-symmetric ring = weak o-reversible ring.

Proof: We can easily prove this proposition by the definitions. The next
proposition shows the sufficient condition for the converse part of the above.

Proposition 2.9: A weak symmetric and weak a- reversible ring is always
weak o-symmetric.

Proof: Let X, y, z € R so that xyz € Nil(R). Then xzy € Nil(R) as the ring
is weak symmetric. Now a(y)xz € Nil(R) as R is weak a- reversible. By using
Lemma 2.7, xza(y) € Nil(R).

Proposition 2.10: A weak symmetric and weak a-reversible ring is
always weak a-symmetric.

Proof: Let x, y, z € R so that xyze Nil(R). Then xzye Nil(R) as the ring
is weak symmetric. Now o(y)xz € Nil(R) as R is weak a-reversible. By using
Lemma 2.7, xzo(y) € Nil(R).

We can directly get the next result as a corollary of above proposition.

Corollary 2.11: A weak symmetric and weak a-compatible ring is always
weak a-symmetric.

Proposition 2.12 If R is weak a-symmetric, then R is weak a-rigid where
a is any monomorphism.

Proof: Let x € Nil(R). Then x? = 1.x.x € Nil(R) = 1.x a(x) € Nil(R) using
weak o-symmetric condition of R. It implies 1 a(x)o(x) = a (x2) € Nil(R).
Therefore, there is some m € N for which (o (x2)™ = a (x®™) = 0. Since o is
one-one, x2™ =0 = x € Nil(R).

The following example explains that the condition monomorphism of ring
endomorphism a cannot be omitted in above proposition.

Example 2.13: Let us consider that F be any field and R = F[x]. Let a: R
— R such that a(f(x)) = f(0) for all f(x) € F[x]. Clearly a is not a
monomorphism. We know that R is a domain. We can easily show that for any
a € End(R), domains are weak a-symmetric. Thus, F[X] is weak a- symmetric.
Again, R is domain implies it is reduced ring. For f(x) = x/~= 0 but f(x)a(f(x))
=0. So clearly it is not a-rigid. Again Proposition 2.2 of ! stated that R is a-
rigid if and only if R is weak a-rigid and reduced. Thus, R is not weak o -rigid.
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Lemma 2.14: R is semicommutative = Nil(R) forms an ideal.
Proof: Proof is given in (10,

Proposition 2.15: A semicommutative and weak a-rigid ring is weak a-
symmetric.

Proof: Letx, y, z € R so that xyz € Nil(R). Then yxz € Nil(R) by Lemma
2.6 and Lemma 2.7 Now by a (yxz) € Nil(R) by using Lemma 2.5. So
xz(yxz)(a)?(y) €Nil(R) by using Lemma 2.14 It implies xzo(y)a(xza(y)) €
Nil(R). Now using weaka- rigid condition of R, xza(y) € Nil(R).

In the following example, we show that weak a-rigid ring may not be
weak o-symmetric.

Example 2.16: Let R be any ringand S :{()é ;(

a ring under usual matrix addition and multiplication. Here a: S—S be defined
X ) _ (X -v X Y X Y , N
such that a<(0 Z)> = (0 7 ) Let (0 Z) a((o Z)> eNil(S). It implies

k
(()i)z _XYZ;" YZ)) =0 for some keN . So X2k =Y? =0. Now clearly

2k
<(i)( }{)) =0 p)emi = (5 7)eNis).

Again, conversely let ()é }() Nil(S). It is easy to show that

): XY, ZeM, (R)}. S forms

E Dl D)e Mo S0 S 6 wek arigid rng rer

(Ecl)z 8) (E61 8) (Eél 8) = 0eNil(S).
But ("1 ()= (" )% o) a((E51 8)) ¢ Nil(S). Consequently,
S is not a weak a-symmetric.

Proposition 2.17: A weak o -symmetric and weak o -compatible ring is
weak symmetric ring.

Proof: Let X, y, z € R so that xyz € Nil(R). It implies xz a (y) € Nil(R)
by definition of weak o -symmetric ring. Now xza (y) € Nil(R) = xzy € Nil(R)
as it is weak a -compatible ring.

From Corollary 2.11 and Proposition 2.17, we can conclude the
following:

Proposition 2.18: If R is a weak a -compatible ring. Then the following
two statements are equivalent:
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i) R isaweak symmetric.
ii) R isa weak a -symmetric.

Example 2.3: shows that weak symmetric is not weak o-symmetric. The

ring R = Z @ Z is ssmmicommutative as well as symmetric. Consequently, it
is weak symmetric ring by using the Lemma 2.12. Here (1,0)(0, 1) € Nil(Z &
Z), but (0,1)a((1, 0)=(0,1)eNil(Z @ Z). So, it is not weak a-reversible ring.
Therefore, by Proposition 2.8, we can conclude that Z @ Z is not weak
symmetric.
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Chapter - 6

Continuous Wavelet Transforms Associated With Hermite
Transform

Pranami Phukan

Abstract

A review on the continuous Hermite wavelet transform and some basic
properties of Hermite transform. We also discussed boundedness properties of
Hermite wavelet transform.

1. Introduction

Many authors have defined wavelet transforms associated with different
integral transforms. In (18, [l) Pathak and Dixit, Pathak and Pandey defined
the wavelet transform which are associated with the Hankel and Laguree
transform respectively. In Ul Upadhyay and Tripathi defined continuous
wavelet transform corresponding to Watson transform. In 2017 Prasad and
Mandal ™ studied the Kontorovich-Lebedev wavelet transform and derived
many important properties related to the KL-wavelet transform. In [ Pathak
and Abhishek studied the continuous and discrete wavelet transform
associated with index Whittaker transform. Hans-Jurgen Glaeske B! defined
the translation and convolution operator associated with Hermite transform
and proved so many important results related to these operators. Now,
however to best our knowledge wavelet associated with the Hermite transform
is not defined. So, we are interested to define the wavelet associated to
Hermite transform and study the continuous as well as discrete wavelet
transforms associated with this.

The wavelet transform [® of the function f € L, , (R) with respect to the
wavelet ¢ € L, , (R) is defined by 14

Wpf)(p,0) = [, f ), ()dt,p € R,a >0, (1.1)

where, ¢, () = 0 7 (0). (1.2)

In terms of translation 7,, defined by
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To¢(t) = ¢(t —p), p ER,
and dilation D, is defined by

Do(®) = 0 2¢(2),0 > 0,
we can write, ¢, 5(t) = 7,D,p(t). (1.3)

From equation 1.1 and 1.3 it is clear that wavelet transform of the function
f on R is an integral transform for which the kernel is the dilated translate of

.

We can also express equation 1.1 as the convolution
(Wef)(p,0) = (f * go.s)(P) (14)

where, g(t) = ¢p(—1t).

Since associated with each integral transform there exists a special kind
of convolution, one can construct wavelet transform corresponding to an
integral transform using the associated convolution.

We construct wavelet and wavelet transform on the interval (—oo, o) by
using the theory of Hermite transforms [ and associated convolution
involving the function

—x2, ~
H,(I”) (x) = exp(%)H,(l”)(x),x ER

where % (x) is the normalized Hermite polynomial, where a > —1, is
given by

(HM ) D
_ H(Z)(o) =R, “(x", n =2k
H(Ii)(x) — Zp
" e)) (D)
k$=ka Y(x?), n=2k+1
(Hy351 () (0)
and
1yka2kge [P (2 = 2k
H(y,)(x) _ (_ ) M (x )! n=
n - 1
(—1)F22k* gL (x2), =2k +1
Set
du(x) = e~ |x|?*dx. (1.5)

Let us consider the measurable function f(x) on the interval (—oo, o).
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Then the Hermite transform is defined by

H[f1(m) = f(n) = [ f ()OH,(x)dp(x),n € N. (1.6)
The inverse Hermite transforms defined by
f() = Sieo f AL @RI (L.7)

Where, i = 2271 (2] + D2 + e+ ).

Let the space of those real measurable functions f on (—oo, ) be
Ly, (—0,0),1 < p < oo for which

Ufllp = U | FCOIPA(x)}P,p < oo. (1.8)
[1flp = esssupxerlf(X)|,p = oo. (1.9)
An inner product on L, ,,, is defined by 38

(f.9) =" f (0)g(@)du(x). (1.10)

2. Hermite Translation And Convolution

In this section, Hermite translation and associated convolution will be
discussed. To define the Hermite convolution we have to introduce Hermite
translation. For this purpose we need the basic function.

K (x,3,2) ~ S0 A1 HY )AL ) A (2). (2.1)
Hence by equation 1.6 and 1.7, we have
I5 K 0y, DAY (D)du(z) = AP @AY (). (2.2)

Clearly KI-(IH) (x,y,z) is symmetric in x,y and z.

Setting n = 0 in equation 2.2, we have

J5 K (0 y, 2)du(z) = 1. (2.3)
The Hermite translation t,, of f € L, ,(—0, ), 1 < p < oo is defined
o f0) = f@y) = [0 f QKL @y Ddu@1<p <o (24)
Lemma2.l:Forf €L,,and 1 <p < oo,

e f o < 11F Ul (2.5)

and the map: f — 7, f is continuous and linear in L, ,.

Proof: Proof is referred from [,
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Letp,q,7 € (—oo,00) and % = % + é — 1. Then the Hermite convolution
Bl of feL,,(—o,0) and g € Ly, (—oo,) is defined by following
equation

f * 9O = [, 5 (F;x)g () du). (26)

By using the relation defined in equation 2.4, convolution (f * g) can be
defined as

@) =" [T f(@gx)dm¥)(2)
= [Z 7 F(@g@K (x,y, 2)du(x)du(z). 2.7)
Also recall the following Lemma from £,

. 1i_1,1_ _
Lemma 2.2: Letp,q,r € (—o0, ) and =5 + . 1,f€Ly,(— )

and g € L, ,(—o0, ). 60Then the convolution (f * g) defined by equation
2.7 satisfies the following norm inequality:

@ Nf*gllrpw = 1 llpullgllgpu (2.8)
Moreover f, g € L, ,, we get
@) (f*9"m) = fmgm. (2.9)

Lemma 2.3: For any f € L, the following Parseval Identity holds for
Hermite transform:

Sa (R M1? = 1I£112, (2.10)
Proof: Proof is referred from theorem 1 in ref. [21,

For any fi, f; € Ly, (—,0) the below Parseval Identity holds for
Hermite transform. See ref. [2],

T [R1 A AM) = [T fi (O f2(x)du(x)

and

Y [T A LM = 7 B M 0)]du(x).
3. Continuous Hermite Wavelet Transform

For a function ¢ € Ly, ,(—, ), defined the dilation D, by
Dyp(t) = ¢p(ot), 0 > 0. [citestart] (3.1)

Using the Hermite translation 2.4 and above dilation, the Hermite wavelet
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$,,5(t) is defined as follows:

¢p,a(t) = TpDchb(t) = TP(I)(O't) (3.2)
= Iy ¢ (DK (p,t,2)du(2) (3.3)

where p >0 and o > 0. The integral is convergent by virtue of
inequality 2.5.

Definition 3.1: Admissible Hermite wavelet

The function ¢(a) € Ly, ,(—, ) is said to be admissible Hermite
wavelet if ¢ () satisfies the following admissibility condition

o PpmI?
Cy = Xn=o < ®,

In|
where ¢ (n) is the Hermite transform of ¢.
Continuous Hermite wavelet transform

Using the wavelet ¢, ; we now define the continuous Hermite wavelet
transform.

A F)(p,0) = (£ (), $po(t)
= [ ()¢, ®)du®) (3.4)

= [ 7 f (0K (p,t, 2)du(z)du(t) (35)

provided the integral is convergent. Since by inequality 2.5 and definition
®p6 € Ly, Whenever ¢ € L, . By virtue of Lemma 2.2, the integral 3.5 is

convergent for f € Lq‘#,% + é -1

The Hermite wavelet transform can be expressed in the form of Hermite
transform as follows. 89

HI(AY ) (p,0)] = fF(m)p(o,n)

Also, the Hermite wavelet transform can be written as

(AL F)(p.0) = (f * b(o, @) (p)

The continuity and boundedness results follow from the following
theorem. 93

Theorem 3.1: Let f(a) € L,, and ¢(a) € Lg,,0 > 0with1 <p,q <

oo and i + % = 1and (I:I'g‘)f)(p, o) be continuous Hermite wavelet transform
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3.5.94Then 9

. o itestart 111
) A0, s < 1l (@ Ollguey = 5+ =
1,1<p,qr <oo,

i H ites 1.1
i) (1) 0, g < 1l I (0, g+ = 1
Proof: (ii) Using representation 3.5, we have

AL ) (p,0) = [ [ f (©O)P(@DKT (p,t, 2)du(z)du(t)

= [° [ F ©b@DKY” (p,t, DK (p,t, 2)dp(2)du(t)

using Holder's inequality, we get
AL .0 < 2, 121 FOPKL (0,6, 2)du(@)du()? x
U 12 deDITKE (o, 2)du(2)du(6))T

= (% F@Pr(o) 2K (0, 6, 2)ARP X

1
U, 1 p(oD)|du(2) [, K (o, t, 2)du(t))e
by using equation 2.3, it follows that

IHZ ) (0,0 < If Il P (0, @)l

so that

NEAZEEESETEY (0, oo < 11F el 160 g0

the inequality 1.1 follows from inequality 2.8.

Theorem 3.2: If ¢ is a basic Hermite wavelet and W is any bounded
function, then (¢ * W) is also a hermite wavelet.

Proof.

o @ m)?
=Y

n

Cipew)

o 1@ @ P
=Ynmom

n

o 1@ "MI?
< W) ()| Ty <o

n

Hence (¢ * W) is a Hermite wavelet.
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Chapter - 7

g-Bessel Wavelet Transform on Exponentially Growing
Spaces

Pratima Devi

Abstract

The g-Bessel wavelet Transformon y, and Q,, type spaces of exponential
growth are investigated and their properties discussed by using the theory of
g-Bessel Fourier Transform. Using this said theory, the integral equation of
Fredholm type is defined and some examples associated with this integral
equation are given.

Keywords: g-Bessel Fourier transform, dilation, translation convolution,
wavelet transform, g-Bessel wavelet transform, spaces y, and Q,,, Fredholm
integral equation

1. Introduction

The g-Bessel Fourier transform is defined by

w, L. _
(YD) = [y )2 juey; qf (X)dgx ,y € (0,0 u=2 2, (D)
Where j, is the g-bessel function.
If f €Ll,(Ry)and b, f €Ly ,(R, ) , then inverse g-bessel fourier
transform is defined by
w, 1.
0 = [, )2 ja(xy, ¢*) () (V) dgy )

Let € Ly 4(Ry4) g € Ly (R, 1) then g-Bessel Fourier convolution of
fand g is

(F# @) = [,” F) T9) Mdqy (©))
Where,

)W) = [y 9(2)Daq(x,¥,2) dgz @
and
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Da,q (x' Y, z) =
o _y L 1 1 1
Jo T2 (x0)2ja (xt; ¢ YD) 2jo (V85 °) (2)2ja (2t; ¢*)dgt x,y,2 € (0, @),
provided that the above integrals exist.

If fand g in Ly, 4 (R, ) , then

1
hy (F#9) (x) = x ™ 72(h, ) () (hyg) (). (®)
Space x,, which consists of all smooth complex- valued function ¢ (x),
x € (0, o) satisfies the following norm

m 1
a($) = SuPrem e (¥ 15 (x‘”‘fqb(x)) <o, ©)
Forevery k,m € N,.
The semi norm for ¢ € y,, is given by
1
Nem(®) = SUPre(o,ml x2S P (x)| , k,m € Ny, (7

1 1
where, S, = x#7-2x2+1_2 %"k induces on y, the same
dgx dgx

toplology as defined by {¥;, }xmen,-

From 4, 9, as the space of all complex-valued functions & which is like
[l and satisfy the following two conditions.

1
1) z7#7zd(z) is an even entire function.

2) Forevery k,m € N, the following norm is given by
1

Wi (P) = Supmze (1 + 21°)™ 27472 (2)| < 0. ®)
The boundedness properties of Bessel functions are given below:

i) |z, (2)] < ce™? zecC 9)
ii)
Where H,Sl) denotes the g-bessel fourier transform of first kind of order u

and C is a positive constant depending on y in (9) and (10).

1
ZHP @) < Ce™ze ¢ lz) 2 1 (10)

From [, the g-Bessel wavelet transform of a function f € L2 (R, )
with respect to g-Bessel wavelet ¢ € L7 (R, ) is

(BEF)b,a) = [ (O Ta () = a2 [ FOWE, Dt (1)
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Ify € L% ,(R, ) and € L2 ; (R, ) , then using the techniques of I, we
have

w., L. —p-L
(Byf) (b, @) = [ (bx)2 jo (bx; a*)x™*72(hyuf ) ) () (ax)d g x(12)
2. The g-Bessel Wavelet Transform on the spaces y, and Q,,

Lemma 2.1: If Y € x,(I), I = (0,) then we have the following
estimate

(7 22) () (@6 + 10k + D) < 57_(0) G211 + ik +
pyj-2rints

VirroWT (20— 27 + 2p + 1), (13)

wherea>0,u>r—p— % and C, = C x A,, with arbitrary constant
cand 4y, = (u+3) (p+2-2) .. (u+i-20-1).

Proof: We have,
P 1
(77 2) ()@ = (7 25 ) [ @y W)y
[} d p . +1
=57 (v 25) o ey e 3y

o 1 aN, _,. 11
=, 27-() (” ' @) W, (vy; qDHv* 2y2Y(y)dgy. (14)
Therefore, we obtain

(vat) () =

(p)( 1)P- rA Vu+ er (VY) (u+q+r)]a+q r(Vy; ) Hr2a- 2r+21p (Y)dqy
The following estlmate can be obtained from (9),

_1 da
(7 2%) ()|
1 (oo}
S o(2) Culv 1  supyego oy e DYy ()] [ 0 Yy 2224 gy,
If|Imv| <k

1
Zr=o(D)Culvl" 2 1 o T (20 = 27 + 2q + 1).
Putting v = a(& + i(k + 1)), we get
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<a—1 d‘j_a)p (h.) (a(f +ik + 1)))‘

1 1
< 3P o(P)C.a" PR + ik + DFTETRyY, WT(2u — 21 +
2p+1).

Theorem 2.2: g-Bessel wavelet transform By is a continuous linear map
from x,(I) to x, (I X I) for u = _71

Proof: Let ¢ € x,(I). Then by using 1 and ™, we have
14 b—l d pb‘ﬂ_l a,q b
(-1 ( @) 2(B¢ ®)(b,a)
1r® 1 )
=5 | b, 06 + m)

X ((§+ in)_”_%(hﬂfb)(f + ) (huP) (€ + i) (hp)(a(§ + in))dq$

Therefore,

l 1
v (o2 3t0) (7)o e

1
< [2 b

2H3) (b€ + in))| ‘(é’ + )P ((s +

in) 2 (h,)(€ + in)>|

sz e
1 « :
< M 972(ebn J (& +in)P <(€ + i) 72(h,$) (€

d 1
+ in>)\ ( @) (k) (a(€ + in))

Using Lemms 2.1 and puttingn = k + 1

dg$

dq¢

We have

-1 4 1
() () e
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A
. l
< C.Cb P 3k e DZ(r>y,5‘+1(¢)r(2u—2r+ 204 1)

=0

XJ-oolf+l(k+1)|u 2r+21+p+ |(f

+i(k + 1))‘”‘5 (hy®) (€ + i(k + 1))| dgé

Now, let

z=&+i(k+1) [P

-1 p
(4 <b”f—b) b5, 8) )

q

< CubTHPT 20" Z( )y,f+1(1,b)F(2y—2r+2l

+1)
J Lo

2N—-m ,u—2r+21+p+1
+ |z|) ™™ z| 2 dqz

Z_“_%(huq,'))(z)

X Supllmzlsk+1(1 + |Z|2)m

Is convergent for large value of m. [& Theorem2.1] \ye get
-1 P 1
] e I G B CARDICRS
CLb ™ 2ah 2 2o 0 B (ply IT 2 — 21 + 204 1) (1,0 (6) +
Meram (D)} -
Theorem 2.3: The g-Bessel wavelet transform B;;@ is a continuous linear
mapping from 9, (1) to 9, (I X I).

Proof: Let ¢ € Q,. Suppose (B;?¢)(z,a) = ®(z,a) where z = b +
ib',b,b' €landa € 1.

1 1
a * 2z 2d(z,a) =
0 , 1 S
Jo @)7Hjo (223 ¢*)x""7 (b, ) (x) (ax) ™2 (h,p) (ax)dgx.
Taking the absolute value of the above equation, we get
1 1
la #7227 H72d(z,a)|

< [ 1 i[5 ) | @5 ) @0
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< Cfomex|1mz|

x”+%(h#¢)(x)| |(ax)_”+%(hullj) (ax)| dgx

< C sup,¢;

1 1
e"kx_“_i(h#¢)(x)| SUPye e“"x(ax)_”_f(huz/)) (ax)|
fo e—axkx2y+1 dqx.

Forx>1,l>u+ % and in this view of [Theorem 2.1], we have

rau+1)

1 1
la™# 227" 20 (z,a)| < Cwiy, (PIW,, (V) @7 (15)
For x € (0,1), using the argument of [ Theorem 211 '\ye have

1 1
la™" 227 M 20 (2, a)| < Cwh (p)wh, (1) —hrD) (16)

(ak)2u+1 )
Where n € N and n > p + 1. Taking (15) and (16), B, is continuous
fromQ,(I)to Q, (I X1).

Lemma 2.4: Let ¢ be a g-bessel wavelet, then it can be written in the
terms of q-bessel fourier transform as

1
Tpia(x) = b**2hy [(bu) ™), (bu; q*) (hyup) (aw)] (),
where, a, b are dilation and translation parameters respectively.

Proof: Using (11) and putting 2 = u, we get
1 [ee]
T = a2 [ @)
0
® 1 1 1 1
( f (aw) ™72 (xu)2jq (ept; q2) (b) 2jo (bs; 42) (zaw)zj, (azu)adqu> d,
0

= [2 U2 awig(azeyp(2)dgz) u™ (e, (e q2) (bu)ijq () gt
= fooo u_”_%(xu)%ja (xu; qz)(bu)%ja (bw) (h,¥) (au)dqu.
= B*ah, [(bu) ) (b g2) () (@u)] ().

1
Theorem 2.5: If f € y;, and ¥ € y,, then b™*72(B;*f)(b,a) € 6,1,
where x,, and 8,,, denote the dual and multiplier of y,, respectively.

Proof: Suppose f € x, and ¢ € x,. Then
(B f)(a b) = (fF#po) (b)
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=< f' Tblpa >
1
=< ZZ:OS;ILC (erxx # ka)"fblpa >

1
=< Ykoo € X 2fi, 1, (SiDg) >
Using Lemma 2.4, we get

(Byf)(b,a)
= [ e b [0 45 (01 4 (559) @]
k=0"0

r

= z J-OO e”‘x‘”‘%fk(x)b“%h# [(bt) ), (bt; gD, p(at) (at) ] (x)dyx
k=0"0

i v
q

r

= > a f e Oy () (55 @)K () a0))
0

k=0
()] dgx
<
(r+1)x —#—lh bt) K1 bt: 2\42(k+n) h

Supyer |€ x "z | (D) TH g in (bE; g7t (hyy)(at) ) ()| x
ra® fooole‘xfk(x)ldqx

<

1

C'a? supyer [+ V*x ™ 2hy, (DO gun (bt ¢V hp(at) ) ()|

Since Y € x, = (h,y)(at) €Q, and (bt)# "j,,n(bt; q*) € 0Q,
(Multiplier of Q).

Therefore t20"*0 (bt) =), ., (bt; q*) (h,p)(at) € Q, . We get the
following expression

21 a\" p-u-troa, ,
|(b 1@) (1+a?)p7* z(ngf)(a,b)| <Cle®.

1
This shows that (1 + a*")""b™*72(B;*f)(b, ) € 6.

3. Applications
In this section we introduce the Fredholm integral equation associated
with g-bessel convolution on y,, space.
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The Fredholm integral equation is defined by
Jy f©)g0x )dgt +Af () = u(®) (18)
where g(x) and u(x) are given functions and A is a known Parameter.
From (3), we can write (18) as
(F#g)(x) + Af (x) = u(x) (19)
Theorem 3.1: Let f € Lg, 4(0,00) and g € L}, 4(0, o). Then solution of
(19) is

FG) = [ jux 2 — 5220 ¢ (20)
€ 2(hug)(©+1)

Proof: Taking g-bessel fourier transform of (19) and using (5), we get
2 () + A ) ©) = (har) ©)

(huf) () = — O __ o
€ 72(hug)©+2)

From the inversion formula (2), we can find the solution

FG) = 726 ) — 0O,

E 172 (hug) O+

Theorem 3.2: Let f € x,, g € x,. Then

(F#g)(x) + Af (x) € X (22)
Proof: The g-bessel fourier convolution is a continuous linear mapping
from x, X x, into x,,.. This implies that (f#g) € x,.

Since, f € y,, therefore (f#g)(x) + Af (x) € x,.

Example 3.1: We take u(x) = x”%e‘a"2 with Rea > 0,Re u > —1
and f=g in (18). Then from (21), we have [(h,/)()]*=

£443h, (xH*2e ) (£)

_ $2u+1 g2 4
T aptt e,

ut1
From B, we have f(x) = 2 z xk+le=20x",
e U+, —2ax3€y : _ i u+1,-2ax?
This x#*1e # and the solution f(x) =2z x#**le € Xu-

Theorem 3.4: Lety € x, c L ,(0,) be a g-bessel wavelet. Then
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F®) = [, jabE ) (b2 —=22E—d, . (23)
€3 z(h,ulpa) &)+

Proof: Putting g = ¥, (b) in (19) and from (21), we have

(huf)() = — 52— (24)
€3 Z(h;ﬂ/}a)(f)‘*‘ﬂ-)

With the help of inversion formula of g-Bessel fourier transform, we get

(23).

Example 3.2: Solve the integral equation

I FOw (5,2) dyt = u),
Where (x) = 2T (0 + 1)x ™ Zjgsps1 ().
Solution: From (24) , we get

1
(hf)(©) = (h,w)(§) — 1
§7H 2R, (2T + D7 2 gy (1) ()

1
= (hﬂu)(E)W,Re v>-1,Reu>-—1.

Taking v = (i +3), (5), we have
(huf)(f) =hy, (u#n_%z—ﬂr <% _ H) (2)”_5 sin g) ©

flx) = u#n_%Z"‘F G — y) G)ﬂ_% sing .
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Chapter - 8

Shapley Function for Intuitionistic Fuzzy Cooperative
Games

Rajib Biswakarma

Abstract

The concept of intuitionistic fuzzy Shapley functions is introduced for
cooperative games characterized by intuitionistic fuzzy coalitions and
intuitionistic fuzzy characteristic functions are expressed in Choquet integral
form. The framework extends the classical Shapley function on a class of
cooperative fuzzy games. We derive the specific expressions for intuitionistic
fuzzy Shapley functions across different classes of intuitionistic fuzzy games
and discuss their existence and uniqueness. A numerical example is also
provided to demonstrate how optimal allocation for the players can be
determined.

Keywords: Cooperative game, Intuitionistic fuzzy coalition, Shapley
function, Intuitionistic fuzzy Shapley function, Choquet integral

1. Introduction

A cooperative game with transferable utility (TU), or simply a TU-game,
is defined as a pair (N,v), where N is a set of n players, called the grand
coalition and v: the characteristic function defined on P(N) that assigns every
subset (coalition) a real number called its worth giving zero worth to the empty
coalition. Let G, denote the class of TU-game. A solution for any cooperative
game is a function on G, which assigns to the TU-game a distribution of
payoffs for its players. If there is no ambiguity on the player set N we denote
by G,(N) the class of all TU games with the fixed N. Among the various one-
point solutions for TU-games, the Shapley value, the Solidarity value, Banzhaf
value and Share functions are perhaps the most popular ones. These methods
have been successfully applied in various domains, including enterprise
management and economics, to ensure fairness and stability in coalition
formations. However, real-world scenarios often involve significant
uncertainty and vagueness, as coalitions may form under incomplete or
imprecise information. Players may only partially participate in coalitions,
with their contribution levels lying somewhere between complete membership
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and total non-participation. Fuzzy cooperative games, pioneered by Aubin,
address this issue by introducing fuzzy coalitions where players' participation
is represented by membership grades in the interval [0,1]. Since then,
numerous solution concepts have been developed to handle fuzzy
characteristic functions and fuzzy coalition values. Despite these
advancements, fuzzy set theory is limited in capturing the full spectrum of
uncertainty involved in coalition formation. In particular, it cannot adequately
describe the nuanced states of “participation,” “non-participation,” and
“hesitation” simultaneously. Intuitionistic fuzzy sets, introduced by
Atanassov, address this gap by incorporating three dimensions of information;
the degree of membership, the degree of non-membership, and the degree of
hesitation. These sets provide a richer framework for modeling situations
where players may express uncertainty about their willingness to cooperate or
the outcomes of collaboration.

While intuitionistic fuzzy sets have been explored in multi-attribute
decision-making and non-cooperative games, their application in cooperative
game theory remains relatively underdeveloped. Recent works, such as those
by Elena Mielcovave extended the traditional transferable utility game
framework to accommodate intuitionistic fuzzy values, offering new
perspectives on coalition behavior under uncertainty.

Building on this foundation, this paper introduces intuitionistic fuzzy
Shapley functions, a novel approach to payoff distribution in cooperative
games with intuitionistic fuzzy coalitions and intuitionistic fuzzy
characteristic functions. These Shapley function aim to distribute payoffs in a
manner that accounts for players' degrees of participation, non-participation,
and hesitation. By integrating the principles of intuitionistic fuzzy sets with
the flexibility of Shapley functions, this study addresses critical gaps in the
literature and provides a robust framework for decision-making in uncertain
environments. The proposed approach not only extends existing theories but
also introduces new axioms and properties for intuitionistic fuzzy Shapley
function. Ilustrative examples are included to demonstrate the practicality and
effectiveness of the proposed model.

2. Preliminaries

This section presents the key definitions and results which are relevant to
the development of this paper.

2.1 Intuitionistic Fuzzy Sets
The concept of an intuitionistic fuzzy set (IFS), introduced by Atanassov,

is a generalization of a fuzzy set that provides a richer framework for handling
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uncertainty by incorporating both membership and non-membership degrees
along with a hesitation degree

Definition 1: An intuitionistic fuzzy set 4 in a universe of discourse X is
defined as:

A = {(x, uz(x),vi(x)): x € X},
In this:

e uz(x):X - [0,1] is the membership degree of x in 4, representing
the extent to which x belongs to 4.

e v;z(x):X - [0,1] is the non-membership degree of x in A4
representing the extent to which x does not belong to 4.

e Foreach x € X the condition 0 < pz(x) + vz(x) < 1 must hold.

e The hesitation degree, mz(x) reflects the uncertainty or lack of
knowledge about the membership status of x in A. It is defined as:

mi(x) =1 — pz(x) —vz(x),
where z(x) = 0.

1) Properties: If vz(x) =1 —puz(x), the intuitionistic fuzzy set
reduces to a classical fuzzy set.

2) mz(x) =0 indicates no hesitation, while mz(x) > 0 indicates
uncertainty about x's membership.

Definition 2: The e-cut of an intuitionistic fuzzy set (IFS), is defined as:
A, = {x € X|uz(x) = eand vz(x) < 1— €}

Definition 3: The strong e-cut of an intuitionistic fuzzy set (IFS), is
defined as:

A, = {x € X|uz(x) > eand vz(x) < 1— €}
For any intuitionistic fuzzy set, we have:
Ay ={x € X|uz(x) = 0and vz(x) > 0} = X
Theorem 1: For any two Intuitionistic fuzzy set 4, B
1) A < B holds ifand only if A, € B, forall € € (0,1].
2) A = Bholdsifand only if A, = B, forall e € (0,1].
2.2 Triangular Intuitionistic Fuzzy Number (TIFN)
Definition 4: [?] A TIFN on the real number set R is an intuitionistic

fuzzy set denoted as:
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a={aaj,af;az,a3)
The membership function and the non-membership function of a are
defined:

0 forx<a ,x>a,
X—a, -
ai_ fora, <x<a
(=47
/Ll' =
: 1 forx=a
+
—-X
a1+ fora<x<a’
a —a
1 forx<a,,x>a,
a—x -
— fora, <x<a
a-a,
va(X) =
0 forx=a
X—a
- fora<x<a;
a, —a

725 (%) =1= 1, (X) = v (),

Definition 5: [?] Let us consider an TIFN @ = {(a; a7, af, a;, a¥) defined
on the real line R as described before. The e-cut of IFN is defined by:

de = {(x, 1a(x),va(x))|ua(x) = € and va(x) < 1 — €}ve € [0,1].
e-cut Representation of TIFN:

The e-cut representation of @ generates the following pair of intervals and
is denoted

by:
de = ([ate, afe]; [aze aze)),
Where the interval [a,,, a,;] is defined as follows

inf{ xeu} ifo>0
inff{{ xe[a—a ,a+a’]} ifo=0

0
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2.3

0

. |sup{d xeuw} ifo>0
sup{ xel[a—a ,a+a’]} ifo=0

Here y, is defined by g, = {X 14(X) >0}

And in a similar manner the interval [ a,, ,

a,, ] is defined as follows

20

. |sup{t xev} if1-0>0
sup{d xela—a,,a+a,]} if1-0=0

_ [infph xev} if >0
» _{inf{x xela-a,a+a’]} ifo=0
Where veis defined by
v, ={1 v,(X)<1-0}={A 1-v,(x) 20}
Operations on TIFNs with Hukuhara Difference
Let three TIFNSs be defined as:
a=(aai,af;az,af), b =(b;by,bi; b7, b3), € =(c;cr, ci;c5,¢5).
1) Addition
d+b=(a+b;a; +by,af +b;;a; +b;,a5 +b),
2) Difference: (Imaginary and extended Hukuhara differences)
& = @—yb. is called Imaginary Hukuhara difference if
b —a; > b} —af (i =12)
The extended Hukuhara difference of TIFNs is defined as:
¢ =d—yb =(a—b;a; — by, af —bf;a; — b3, a5 — b3)
(ka;ka, ,ka";ka, ka,), ifk>0

3. Scalar Multiplication: ka )
(ka;ka", ka, ;ka; ka,), ifk<O

Definition 6: Let 8=(a;a,,a,;a,,a,) and b= (b;b,b";b,,b,)

be two TIFNs, where
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_Ala +2a+a)) N (1-A)(a, +2a+a,)

S,(d) ; )
) P ib+bf) L =2, 4+ 2b+b')

are A weighted mean area of & and b respectively A € [0,1] than,

d and b be two TIFNs, where S, (&) and S, (b) are weighted mean area
of @ and b respectively, 1 € [0,1].

o 1fS;(@) > S;(b), thenda > b
o 1fS;(@) < S;(b), thenda < b
o 1fS;(@) = S;(b), thenda =b

2.4 Intuitionistic Fuzzy Cooperative Games

Definition 7: Let N = {1,2,...,n} be the set of players. An intuitionistic
fuzzy coalition on N, which is identified with a function f: N — [0,1] x [0,1].
Then for an intuitionistic fuzzy coalition

and

Sy, =y, (1),v7 (D)) TN}

In this

Sty = {6z, (D), v, (1)): 1 € N}

® g, (i) € [0,1]: Degree of membership.

e v (0) € [0,1]: Degree of non-membership.

o mp (1) =1— pg, (i) — vg, (0): Degree of hesitation.

e The support is denoted by
Supp(S;,) ={ie N : g (i) >0,1-v; (i)>0} cardinality is
written as | Supp(S;,) |

Definition 8: A function #: P(N) — R satisfying #(@) = (0; 0,0; 0,0) is

called intuitionistic fuzzy characteristic function. The set all games with
intuitionistic fuzzy characteristic function on P(N) is denoted by G,(N).

Let \7(50) indicate the intuitionistic fuzzy characteristic function value

for any coalition S, € P(N) where the TIFN
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V(S,) =(V(Sy); Vs (Sp)s Vs (Sy)iV; (Sy), Vs (S,)) is called the worth of the

coalition S,

Definition 9: Let (N,\7) be the n = 2 - persons intuitionistic fuzzy

cooperative game with V: IF(N) — R characteristic function of TIFNs
on IF(N), the set of all intuitionistic fuzzy coalitions of N such that

V(D) =(0;0,0;0,0). The set of all $n$-persons intuitionistic fuzzy
cooperative games (N,\7) is denoted by $\tilde{G}(N)$. For notational

simplicity, we denote (N,V) by v.

Definition 10: Let V € G(N) and W, € P(N) . A coalition S, =W,

is called an intuitionistic fuzzy carrier in W, for v if:
V(S, NTy) =V(Ty), VT, e PW,)
The set of all carriers in W, for V, denoted by IC(W, |,), is given by:
ICWo |y) ={So =WJ (S, nTy) =V(Ty), VT, = Wo}

Definition 11: Let ¥ € G(N) and W, € P(N)$.If $7(S, U{i}) =¥(T,)
for all S, W, , {i}, then 1 €W, is called an intuitionistic fuzzy null
player in W,

Definition 12: Let S, € IF(N) and ¥ e G(N) An intuitionistic
fuzzy coalition S; < S, is called an intuitionistic fuzzy carrier in S, for
vif V(S; NS, )=V(Sy,) forall S, < S The set of all intuitionistic
fuzzy carriersin Sy for v isdenoted by IFC(S, ;).

Definition 13: Let S, e IF(N)and VGG(N)-W(STO US, (1) =V(S;)

forall S, S with i ¢ Supp(S;,), theniis called an intuitionistic fuzzy null

player in Sy.
Definition 14: Let S, =S, e IF(N)and i, je N. Forany S, define
Sy (k) =
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{<k'#Tn“”( WV, Tl 1 (K)), Hen (k),v. T[”( )el01], ”Tﬂlu]( )=1- Hen (k)-v, T“]( (k) ={ck, ,uTn( v Tm(k»}
Where he membership functions are defined as follows:
min{us (), 1y (1)} k=i

Hrgn (k)= min{,USTO (3), uy (1)} ifk=]j
#s, (K) otherwise

max{vs (D).vy (D)} ifk=i
Vo (K) = ymaxdvs (1),vy ()} ifk =]
vs. (K) otherwise

Definition 15: Let s, =S e IF(N) and i, jeN. For any S define
ﬂij[STo] by

S, (J) ifk=i
ﬂij [STO](k) = STO (i) ifk=j
S; (k) otherwise

Definition 16: Given S; € IF(N), let

Q(S;,) ={S;, (i) 4, (i)>0,1-v; (I)>0,ieN} and let q(S) be the cardinality of

Q(S,,) Write the elements of Q(s) n increasing order as § <... <,

Then agame V e G(N ) is said to be an intuitionistic fuzzy cooperative game
with Choquet integral form if and only if:

q(s)
V([S; 1)@ -9 ) forany S; e IF(N) where ¢, = 0.

1=1
The set of all intuitionistic fuzzy games with Choquet integral form is
denoted by GC(N)_
Definition 17: Given, a game ¥ € G(N ) said to be with proportional
values if and only if S € |F(N),|etsT‘; ={ieN sTP() () D, "Tg():l_ p)}for any
p1-pel0]]
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V(STO) = Z V(STZ)'<p!1_ p) VSTO Sy

pe[0.1]

The set of all fuzzy games with proportional values is denoted by

G, (N).

Lemma 1: Let ¥ eGC(N),SW, € IF(N),W, € P(N) then the
following holds:

V(S) <V(Sy,), VS, =S,
Proof: Recall from Theorem 1 S, <, if and only if
[S; Jo = [SW,], foro e (0,1].

If ¢ € G(N)then¥(S,) <V(W,), VT, =W,

Therefore 7 G(N)thenv(S, ) <V(S,,), VS, cS,.

Lemma 2: Let

7eGC(N), SW, € IF(N),W, € P(N)andS, < S,, theni(S, ) =¥(S,, Jifi([S, J0) =V([SW,],).
Proof. Recall from Theorem 1 one can easily obtain the conclusion.
Theorem 2. Let

iC e G, (N)andSW, ,S,, € IF(N),W, e P(N).IfS,,, € IFC(S, V. )then[SW,Joe IC([S, Jol;,)-
Proof.

Definition 18. A function ¥ € G(N) is called a intuitionistic convex
fuzzy game on IF(N) if
V(S;, WS )+(S;, NSy ) = V(S; +V(S, ) forallS; ,S, < S,.

Where,

(Sy, WS )W) = (i, (D), vr, (D) (e, (1), v, (1)) = (i 0), e, (D}, min{vr, (i), v, (D)

and

(S5, Sy )W) = (o, @), v, (@) e (0) v, (0)) = (mina (1), g ()3 maxos, (D) v, (0)) '
respectively.
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Definition 19. An intuitionistic Shapley function on G(N ) is a function

~ P(N
®>:G(N) >R ™ that satisfies the following four axioms i.e., Axiom
PN1-PN4.

Axiom PN1 (Efficiency): If V€ G(N) and S, =W, then,

Z cI)iSh (WO'V) = v(\No)’

ieW,
@™ (W, V) = 0% forall$i W,.

Axiom PN2 (Carrier): If ¢ € G(N)$,$W, = Nand T, € IC(W, |,)
then

D" (W,,V) = D (T,, 7).

Axiom PN3 (Symmetry): If v eG(N)$,$NO < N$,$i, j eW, and
V(S, u{i}) =V(S, w{j}) for any S,ePW,, {i,j}) then
D" (W, V) = D" (W, 7).

Axiom PN4 (Linearity): For any U0,Ve G(N)$,$k,t e[l and
ki +t7 e G(N), then

D" (W,, KU +tV) = kD> (W,, 0) +tD>" (W,, V).

Theorem 3. Let Ve G(N) and S, =W, € P(N). A function

O :G(N) >R defined by:

q)iSh(\Noyv):{ Z (l SO |_1)|(|W0 |_|SO |)'

SocWp |WO | !

V(Se) ! w VS, {ID}

if ieS,cW, and 6 elsewhere, is the unique Shapley function in
W, ford e G(N).

Proof: From the concept of the extended Hukuhara difference and the
Shapley function, the theorem can be easily proven.

Definition 20: An intuitionistic Shapley function on G(N ) is a function
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@™ :G(N) >R "™ that satisfies the following four axioms i.e., Axiom 1S1-
154,

Axiom IS1 (Efficiency): If ¥ € G(N)and S, € IF(N) then

Z q)iSh (SN V) = V(SN )

ieSupp(Sy )
@ (S, 7) = 0% forall$i & Supp(S, )

Axiom 1S2 (Carrier): If ¥ e G(N) and S;, =Sy €IF(N)is an

intuitionistic fuzzy carrier for ¥ € G(N) then
Sh o Sh ~
D7 (Sy, V) =D (S5, V).

Axiom 1S3, (Symmetry) 1If VeG(N),S; =S, €IG(N),S} is a
intuitionistic fuzzy carrierin S and V(S;,) =V(B;[s, 1) Forany S, < Sy
then

q)iSh (SN V) = CD?h (SN V)

Axiom 1S4, (Linearity) For any O,Ve G(N)$,$k,t e[l and
ki +t7 € G(N) then

D™ (S, , ki +17) = kD (S, ,0) +tD"(S, , V)

Theorem 4. Let e G.(N) and S, =S, € IG(N) A function

f 5" ZGC(N) —-R o defined by

q(s)
(S, M) =Y £(Sy, V) =D"> @"([Sy],.V)- (@ —a.,)

ieN ieN I1=1
is an intuitionistic fuzzy Shapley functionin S forv e GC (N) where

(|W0|_1)!(|[SN]Q |_|W0 |)I ~ g . .
ORI N=hd Ms e, D el el

0, elsewhere
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Proof: Recall from Theorem 2 that there exists a unique a>S" satisfying
Axiom (PN, —PN,) . We use this to prove that the function f*" satisfies

Axiom (IS, —1S,).
Axiom IS, (Efficiency): Let e G, (N) and Sy € IF(N). Since

Z ‘DiSh([SN]qvV):V([SN]q) holds for any |€1,...,C](S), we obtain

ieSupp Sy
fiSh (Sn.V) = fiSh (STO V)
q(s)

D EN(S D) =D D O[S ], 1) (§ —9.)

q(s)
= 2 W([8,1,)(@ =) =(Sy).

Since 1¢3uppSy implies ig[S,], we must have
sh N0
O ([Sy ], V) =0.
Axiom IS, (Carrier) Let VeG.(N) and S, elF(N) and
S;, € IFC(Sy |;) Weknow S; e IFC(S, |;) =T, € IC([S,], ;) forany

0e(0,1]= " ([S,,1,, V) = " (S, ],,v) for any 0€(0,1]. Hence we
obtain f(S,,7) = f*(S; ,V)

Axiom IS, (Symmetry)

Let Ve G.(N) and Sy € IF(N) we know S} (i) =S} (j). If
Su (i) =(j,0,H%and$S} (j) =(i,0,L$then$ £ (S}, 9) = (S}, 1) =0
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We shall discuss the case where i, j e Supp S;J. In this case the following is valid:

¥(Sr,) — v(Bi[Sr,) =0, VSp, €Sy

¥(Sr,) — v(Bi[Sr,) =0, VSp, < Slf,j such that Sz, (i) = (i,€,1 — €),S7,(j) = (j,0,1), and Sy, (k) = (k, 0,1) or S, (k)
= (i,e,1 — €)Vk € Supp Sy, Ve € (0, uyin ()]

{(F([Sg,/1e U L)) = 5([Sp e UGN} - € =0, Sy € S, such that Sy (i) = (1,0,1),S7./()) = (j, 0,1), and S/ (k)
= (k,0,0) or S+ (k) = (k,€,1 — €)Vk € Supp Sy, Ve € (0, pyiiy (V)]

{1~7([ST0/]E u{i} - 17([ST0/]E u{ih}-e=0, VS S S};,j, such that Sp. /(i) = (i,0,1), Sy, (j) = (j, 0,1), and S/ (k)
= (k,0,0) or S (k) = (k,€,1 — €)Vk € Supp Sy, Ve € (0, pyiiy ()]

T[S, 1e VD — 0([Sp]e VDY € = 0, LAYRES Slt,] such that S /(i) = (i, 0,1), Sy, /() = (j,0,1), and Sy s (k)
= (k,0,0) or Sy, (k) = (k,€,1 — €)Vk € Supp Sy, Ve € (0, uyiiyi (1]

{5(To U (i}) = 5(To, Ui} =0, VT € P([SY1e \ {i,j}), Ve € (0, pyiin (D).
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Consequently, if V(S;)=V(5[S;]) for any S Sy then
V(T W{i}) =V(T, u{j}) for any T, eP([S{],, {i,j}) and
5 (0, py ()] Hence we have @ ([S}],,9) = ([S}],,V) for any
0e (0, 4, ()] and  OF([SY], V) =D ([S}],,0)=0 for any
0€ (#4 (1),1].  Therefore, ch“([SE,]b,V):CD?“([SH]E),V) for any
0€(0,1] It follows that % (S¥, V) = (S, V).

Axiom IS, (Linearity) Since S" is linear so for any
a,v eGC(N),k,t e[l and by the definition of f5" we can easily prove
that f"(S,,,kd +tv) = kf *"(S,,,d) +tf " (S, V)

This completes the proof.

Example 1: Optimal Allocation Strategies in Intuitionistic Fuzzy
Cooperative Games: Consider three companies (players) 1, 2, and 3 i.e., set
players N = {1, 2, 3} planning to collaborate on a joint project requiring
resources. Each company has a different willingness to contribute, expressed
in an intuitionistic fuzzy manner due to uncertainty and incomplete
information. Company 1 has 10 units of resource Rz, will contribute 6 units,
will not contribute 3 units and hesitates to contribute 1 unit. Company 2 has
10 units of resource R, will contribute 3 units, will not contribute 6 units,
hesitates to contribute 1 unit. Company 3 has 10 units of resource Rs, will
contribute 2 units, will not contribute 6 units and Hesitates to contribute 2 unit.
Therefore, an intuitionistic fuzzy coalition Sy has been formed.

The coalition formed by these companies is represented as:

Sy ={(1,0.6,0.3),(2,0.3,0.6),(3,0.2,0.6)}

Due to uncertainty, the expected profit for each coalition is an trianguler
intuitionistic fuzzy number (TIFN):

Table 1
The Crisp Coalition The Intuitionistic Fuzzy Characteristic
T, € P(N) Function V(T,)
{} 0=(0;0,0;0,0)
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{1} <5;3,8,2,6>
{2} <5;3,8,2,6>
{3} <5:3,8/26>
{1, 2} <5;3,9;2,7>
{1, 3} <5;3,9;2,7>
{2, 3} <5:3,9:2,7>
{1,2,3} <6;3,9;2, 7>
The set Q(S, ) ={3 =0.2<6, =0.3<d, = 0.6}
Table 2
ok ([Sy ]q V) The intuitionistic fuzzy Shapley function as a TIFN
©F (IS, 1oz, 9) <2132 L
' 33
539 7
@7 ([Sy oV <sisoilo>
1 ([SyJos: V) 555
@3 ([Sy Jos: V) 0
@3 ([Sy Jos: V) 0
(I)lsh ([SN ]0,67\7) <5;3,8;2,6>
3" ([Sy1os: V) 0
3" ([Sy o6, V) 0

From Table 1 and Table 2, we get
£, ([S,],V) = (2.15;1.25,3.45;0.833, 2.6166)
£.([S,1,9) =(0.65;0.35,1.05;0.233,0.8166)

and fas“([SN],V):(0.4;0.2,0.6;0.133,0.466} Since VeG.(N) therefore
V(Sy)=(3.218,511.23.9).
Obviously V(S,) = flSh([SN],V) + fzsh([SN 1. V) + f35h([SN],\7).

3. Conclusion

In this work, I discussed the Shapley function for a class of intuitionistic
fuzzy cooperative game. The exploration of other solution concepts for
intuitionistic fuzzy cooperative games is left as a direction for future research.
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Chapter -9

MHD Jeffrey Fluid Flow Over a Exponentially Stretching Sheet
with Soret and Dufour Effect in Presence of Heat Generation/
Absorption

Satyabhushan Roy

Abstract

An incompressible non-newtonian jeffrey fluid’s heat transfer flow
characteristics across a exponentially stretching surface with soret and dufour
effects in presence of heat generation and absorption are investigated in this
study. With boundary conditions and a transverse magnetic field, the sheet is
linearly stretched. The basic governing equations (pdes) are converted into
odes using the appropriate similarity variables. Python is utilized to solve the
resultant equations. Graphical analysis is used to examine the effects of certain
physical factors and dimensionless numbers on the flow field and heat transfer.

1. Introduction

The investigation of flow and heat transfer of a Newtonian fluid
induced by a stretching sheet stands as a cornerstone problem in classical
fluid mechanics and convective heat transfer, retaining enduring relevance due
to its profound and direct applicability to a vast spectrum of industrial
manufacturing processes. From the foundational work of Crane [, who
established the seminal paradigm of flow over a linearly stretching surface,
the field has seen extensive theoretical and experimental evolution.

Subsequent research, spanning from Gupta and Gupta @ to Cortell &I and
beyond, has significantly generalized Crane’s model, incorporating
complexities such as mixed convection, thermal radiation, unsteady
kinematics, nonlinear stretching, suction effects, and thermally stratified
media, as exemplified by the contributions of Hayat et al. M, El-Aziz [,
Akyldz and Siginer ©, and Mukhopadhyay [l Gbadeyan et al. ¥, who
investigated the effects of thermal diffusion (Soret effect) and diffusion
thermo (Dufour effect) on combined heat and mass transfer in a mixed
convection boundary layer flow over a vertical stretching sheet. Their study
considered a porous medium saturated with a viscoelastic fluid under the
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influence of a magnetic field. Imran et al. © conducted an analysis of an
unsteady mixed convection flow within a fluid-saturated porous medium
adjacent to a heated or cooled semi-infinite vertical stretching sheet,
incorporating the effect of a heat source. In a related study, Aly and Ebaid [*%
investigated mixed convection boundary layer flow of nanofluids along an
inclined plate embedded in a porous medium, employing both analytical and
numerical solution approaches.

Further expanding on this theme, Dessie and Kishan [ examined
magneto hydrodynamic (MHD) boundary layer flow and heat transfer of a
fluid with variable viscosity through a porous medium towards a stretching
sheet. Their analysis also accounted for the effects of viscous dissipation and
volumetric heat sources or sinks. Additionally, Narayana "2 carried out a
study on the combined effects of thermal radiation and a first-order chemical
reaction on unsteady mixed convection flow. This work modeled a viscous,
incompressible, electrically conducting fluid moving through a porous
medium of variable permeability between two long, vertical, non-conducting
wavy channels, with heat generation also considered. These studies represent
a select, but indicative, sample of the active research in this domain.

In many engineering and physical systems, significant temperature
differences exist between a solid surface and the surrounding ambient fluid.
Such pronounced thermal gradients necessitate the inclusion of temperature-
dependent volumetric heat sources or sinks in the analytical model, as these
internal generation or absorption mechanisms can exert a strong influence on
overall heat transfer characteristics studied by Vajravelu and Nayfeh 81, The
study of heat generation or absorption effects in moving fluids is critically
important due to its relevance to a range of practical problems, including fluids
undergoing exothermic or endothermic chemical reactions studied by
Vajravelu and Hadjinicolaou ™1, Vajravelu and Nayfeh [*3.  Furthermore,
natural convection coupled with internal heat generation has direct
applications in areas such as combustion modeling was studied by Westphal
et. al. [*5],

Although the precise mathematical modeling of internal heat generation
or absorption is complex, simplified formulations can effectively represent its
average behavior for most physical scenarios. Historically, the strength of this
internal heat effect has been modeled as a constant, as a function of spatial
coordinates, or as a function of temperature itself. Early work by Sparrow and
Cess % incorporated temperature-dependent heat absorption in their analysis
of steady stagnation point flow and heat transfer. Moalem 7] investigated the
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impact of temperature-dependent heat sources, such as those arising from
electrical heating, on heat transfer within a porous medium. Vajravelu and
Nayfeh 131 further explored this concept in their study of hydromagnetic
convection around a cone and a wedge. More recent contributions include
Chamkha 181, who considered a linear temperature-dependent heat source/sink
model in a analysis of mixed convection within a porous channel, and Crepeau
and Clarksean 1, who employed a space-dependent, exponentially decaying
heat generation/absorption model in their work on flow and heat transfer from
a vertical plate.

The study of non-Newtonian fluids is of profound significance due to
their wide-ranging technical and industrial applications. However, the
classical Navier-Stokes equations are insufficient to accurately describe the
rheological behavior of such fluids. Owing to the substantial differences
between Newtonian and non-Newtonian fluids, numerous constitutive models
have been proposed to characterize their complex stress-strain relationships.

Among these, the Jeffrey fluid model represents one of the simplest and
most commonly utilized non-Newtonian formulations. It is distinguished by
its use of a time derivative rather than a convected derivative in its constitutive
equation, a feature common to many other fluid models. Recently, this model
has prompted considerable research interest. For instance, Maryam Aleem et
al. % investigated the flow of a Jeffrey fluid through a porous medium
bounded by two parallel plates one moving with a variable velocity and the
other stationary under the influence of a magnetic field. Babu et al. !
analyzed the magneto-hydrodynamic (MHD) flow of a Jeffrey fluid past a
vertical plate embedded in a porous medium, incorporating the effects of heat
transfer and rotation.

Further contributions include the work of Sreenadh et al. 22, who
examined Jeffrey fluid flow in a rotating channel in the presence of Couette
flow. Reddappa et al. 2%l focused on the convective Couette flow of a Jeffrey
fluid within an inclined channel where the walls are coated with a porous
material. Additional significant studies in this domain can be found in the
works of Ahmad and Ishak 24, Prasad et al. ?®), Nallapu and Radhakrishna
macharya %61, and Shehzad et al. "], Nadeem et al. (2],

In view of the preceding literature review, the objective of the present
investigation is to analyze the boundary layer flow and heat transfer
characteristics of a magnetohydrodynamic (MHD) Jeffrey fluid over an
exponentially stretching sheet. The sheet is embedded within a thermally
stratified porous medium in presence of Soret and Dufour effect and is subject
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to uniform suction at the surface. The governing partial differential equations,
along with their corresponding boundary conditions, are transformed into a
system of coupled, nonlinear ordinary differential equations using an
appropriate set of similarity transformations. The resulting boundary value
problem is solved numerically using Python. The effects of key dimensionless
parameters such as the magnetic field parameter, Soret and Dufour number,
on the dimensionless velocity and temperature profiles are presented
graphically and discussed in detail.

2. Formation of the Problem

A stable two-dimensional conductive, invisible viscous flow of Jeffrey
fluid on a vertical heated sheet is considered. The flow is restricted to positive
side of Y-axis. Two equal and opposing forces are applied along the X-axis,
stretching the surface at a velocity U along the X-axis, while maintaining the

origin constant. A variable magnetic field B(x) = Boer_L is applied normally
to the surface, where B, is constant. The surface temperature and
concentration are are denoted by T, (x), C,,(x) and are immersed in a double
stratified medium of changeable ambient temperature and concentration
denoted by T, (x), C. (x) respectively. The governing equations takes the
following form,

Ju v

x Ty 0 €
ou, o u ou_ond _ N
uax+v6y_p(1+7\1)6y2 p u+gBt(T T°°)+gBC(C C°°)

v

K—pu, (2)
a_T+ a_T—LaZ_T DMKTBZ_C_L%_FL(]”', (3)

v—=
ax 0y  pCpoy? CsCp 0y?  pCp 0y pcp

0 | L0 _ 0 | Dukr T
ug A v =D+ L — K (€ — Coo). (4

The boundary conditions are,
u=Uv=-,T=T,C=C,aty=0(5
u=0,T=T,C=C,raty =

By using Rosseland approximation for thermal radiation, the radiative
heat flux is modeled as,

404 OT*

= "5 oy

where k; is the mean absorption coefficient and o7 is the Stefan Boltzmann
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constant. Following Chamkha [# it is assumed that T* can be stated as a
linear function of temperature since the temperature difference within the flow
are thought to be sufficiently small. This is achieved by omitting higher order
terms and expanding T# in a Taylor series around T, thus,

T* ~ 4T3T — 3T4.
and thus the gradient of heat radiation term can be expressed as

dqr _ 1604TS 8°T

ay 3k, dy?’

Introducing the similarity transformation:

n=y / = Uf')v=— |2 (f() +nf'(), o) =
0 0 w c(Cw— KyU
T-T, () = o _Zgﬁc(lle WL o 298 (52 W o Sy
kkl _ ZUBOL. 6)

40,7’ pU
and writing the internal heat generation q""' as,
q" =k (35)[a’ (T, = T)e™ + b*(T = T.,)] (7)
Substituting (6) into (2)-(4) we get the following similarity equations,
£ =200+ A +ADf (M +5) = A+ f =201+
A1) (Gré + Gmg), (8)
(1+25)0" = Prf'6 — Prf6' — DuPr¢” + a’e™ + 1", )
¢ = —=85cSr0" — Sc(fd' — df") + ScKr. (10)
The transformed boundary conditions are,
f©) =f,, f'(0)=1,6(00)=1-St;,¢$(0) =1—St,,asn - 0,
f'(0) = 0,6(c0) = 0,¢(c0) = 0,asn - co. (1)
3. Results & Discussion

The resulting nonlinear ordinary differential expressions (8) and (10) are
solved numerically with corresponding boundary conditions through the help
of Python. This section provides the effect of various physiological parameters
on velocity, temperature and concentration profile for fixed values of M =1,
A, =0.3, Pr=0.71, Du=0.1, Sr=0.1, Kr=0.5, a* = 0.2 = b".
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Effect of Magnetic Parameter on Velocity
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The consequences of M on velocity profile is presented in fig.1. The
velocity profile exhibits a characteristic suppression with an increasing
magnetic parameter, a phenomenon fundamentally attributed to magneto
hydrodynamic (MHD) effects. When a transverse magnetic field is applied to
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an electrically conducting fluid in motion, it induces a Lorentz force that
opposes the direction of flow. This force functions as a distributed resistive
body force within the momentum boundary layer, directly counteracting fluid
motion. The resulting retarding effect not only dampens the local velocity but
also leads to a concomitant thickening of the momentum boundary layer,
thereby reducing the overall velocity gradient at the stretching surface. The
consequences of Sp on velocity profile is presented in fig.2. The velocity
profile is enhanced with an increase in the permeability parameter, a direct
consequence of the modified hydrodynamic resistance within the porous
matrix. Elevated permeability signifies a more pervious medium, which
reduces the Darcy-type resistive drag impeding fluid motion. Consequently,
the Darcy drag force is attenuated, allowing momentum from the stretching
surface to diffuse more effectively into the fluid. This results in a steeper
velocity gradient near the wall, a higher peak velocity within the boundary
layer, and an overall thinning of the momentum boundary layer compared to
scenarios with lower permeability.

Effect of Mass Grashof number on Velocity
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Effect of Grashof Number on Velocity
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The consequences of Gr and Gm on velocity profile is presented in fig.3.
and fig.4. The Grashof number (Gr) and mass (or species) Grashof number
(Gm) characterize the relative strength of buoyancy forces-driven by
temperature and concentration gradients, respectively to viscous forces in a
fluid. When either parameter increases, the buoyancy-driven force within the
boundary layer is amplified. This enhanced force acts as an additional
accelerating mechanism alongside the primary motion (e.g., stretching),
thereby augmenting fluid velocity and resulting in a thicker momentum
boundary layer. Essentially, stronger thermal or solutal buoyancy contributes
constructively to the flow field, elevating the velocity profile.
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Effect of Magnetic Parameter on Temperature
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The consequences of M on Temperature profile is presented in fig.5. In
magnetohydrodynamic (MHD) boundary layer flow, the temperature profile

Page | 109



increases with an increasing magnetic parameter primarily due to the
conversion of kinetic energy into thermal energy viaenhanced viscous
dissipation. As the magnetic parameter rises, the opposing Lorentz force
suppresses fluid velocity, thereby amplifying the velocity gradients within the
boundary layer. This elevated shear leads to greater viscous heating, which
acts as a volumetric heat source. Simultaneously, the retardation of flow
reduces convective cooling, allowing the heat generated internally from
viscous dissipation and possibly Joule heating to accumulate, thereby
elevating the thermal boundary layer and increasing the temperature
distribution. The consequences of Pr on Temperature profile is presented in
fig.6. An increase in the Prandtl number (Pr) reduces the temperature in the
boundary layer. Since Pr represents the ratio of momentum diffusivity to
thermal diffusivity, a higher Pr means heat diffuses more slowly relative to
momentum. This results in a thinner thermal boundary layer with a steeper
temperature gradient near the surface, confining heat closer to the wall and
lowering temperatures within the fluid layer.

Effect of Radiation Parameter on Temperature
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Effect of Dufour number on Temperature
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The consequences of Du on Temperature profile is presented in fig.7. The
Dufour (or diffusion-thermo) effect describes heat flux driven by a
concentration gradient. An increase in the Dufour number enhances this cross-
diffusion mechanism, where mass diffusion induces additional thermal
energy within the boundary layer. This acts as an internal heat source, raising
the fluid temperature. The consequences of N on Temperature profile is
presented in fig.8. Thermal radiation contributes an extra mode of energy
transfer. A larger radiation parameter increases radiative heat flux toward the
fluid. This provides supplementary heating to the thermal boundary layer,
effectively raising the temperature distribution while also thickening the
thermal boundary layer.

The consequences of Kr on Concentration profile is presented in
fig.9. An increase in the chemical reaction parameter (Kr), particularly for
a destructive reaction (species consumption), enhances the rate of species
depletion within the boundary layer. This leads to a reduction in species
concentration as the reaction actively removes the diffusing component. For a
generative reaction, the opposite trend would be observed.
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Effect of Chemical Reaction Parameter on Concentration

1.0 4 —_— Kr=1
— Kr=2
— Kr=3
0.8 -
0.6 -
=
[&
0.4 -
0.2 A
0.0 A
T T T T T
0 2 4 8 10
n
Fig 9
Effect of Soret number on Concentration
1.0 4 — Sr=0.2
—— 5r=0.4
—— 5r=0.6
0.8 4
0.6 1
=
ES
0.4 4
0.2 4
0.0 4
0 2 4 10
n
Fig 10

Page | 112



Effect of Schmidt number on Concentration
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The consequences of Sr on Concentration profile is presented in fig.10.
The concentration increases with an increasing Soret number because the
Soret effect describes thermal diffusion-the movement of species due to a
temperature gradient. A higher Soret number signifies a stronger influence of
the temperature gradient on mass transport relative to ordinary Fickian
diffusion. In a boundary layer with a heated surface, the temperature decreases
moving away from the wall. This thermal gradient drives molecular
diffusion from the hot region toward the cold region. Therefore, as the Soret
number increases, more species are thermally driven from the hot wall into the
boundary layer, enhancing the concentration of the diffusing component
within the fluid. The consequences of Sc on Concentration profile is presented
in fig.11. The Schmidt number is the ratio of momentum diffusivity (viscosity)
to mass diffusivity. A higher Sc indicates that mass diffusivity is low relative
to momentum diffusivity. This means mass (species) spreads more slowly.
Consequently, the concentration boundary layer becomes thinner, confining
the species closer to the wall and resulting in a steeper concentration gradient
but a lower concentration at any given point away from the surface compared
to a fluid with a lower Sc.

4. Conclusion

The analysis of magnetohydrodynamic (MHD) boundary layer flow over
a stretching surface reveals a complex interplay of forces and transport
mechanisms, each governed by specific dimensionless parameters. Beginning
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with the magnetic parameter (M), its increase induces a resistive Lorentz force
that suppresses the velocity profile while simultaneously elevating the
temperature due to enhanced viscous dissipation and reduced convective
cooling. This foundational MHD effect sets the stage for coupled heat and
mass transfer phenomena. Thermal transport is primarily modulated by
the Prandtl number (Pr), where higher values suppress the temperature profile
by thinning the thermal boundary layer, and the radiation parameter (Rd),
which augments temperature by contributing additional radiative energy.
Mass transfer is governed by the Schmidt number (Sc), where increased
values decrease concentration by inhibiting mass diffusion, and the chemical
reaction parameter (Kr), which depletes species concentration in destructive
reactions.

Crucially, cross-diffusion effects create direct couplings between thermal
and concentration fields: the Dufour number (Df) increases temperature by
converting concentration gradients into thermal energy, while the Soret
number (Sr) increases concentration by driving species migration along
thermal gradients.

In synthesis, the system demonstrates that flow control (via M), heat
transfer (via Pr, Rd, Df), and mass transfer (via Sc, Kr, Sr) are not independent
but are intricately linked through viscous dissipation, buoyancy, and cross-
diffusion. This interconnectedness highlights the necessity of a coupled, multi-
parameter approach for accurately modeling and optimizing real-world
applications from polymer processing and metallurgy to electrochemical
systems and energy device design where magnetic fields, thermal radiation,
and coupled heat-mass transfer coexist.
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Chapter - 10

A Comprehensive Review of Nanofluids and Hybrid
Nanofluids: Properties, Applications, and Recent Advances

Dr. Shiva Rao

Abstract: Nanofluids, which are fluids engineered by suspending
nanoparticles within a base fluid, exhibit enhanced thermal properties and
have gained significant traction in various engineering applications. Hybrid
nanofluids, which combine multiple types of nanoparticles within a base fluid,
present additional benefits that extend the capabilities of nanofluid
technology. This paper discusses the unique properties of nanofluids, explores
the advantages brought by hybrid nanofluids, and examines recent research on
their application in cooling systems, heat exchangers, and other thermal
management solutions.

1. Introduction

The quest for efficient heat transfer materials has led to the development
of nanofluids-suspensions of nanoparticles in conventional fluids-which offer
superior thermal conductivity and heat transfer coefficients (Devi & Devi,
2016). Initially introduced by Choi and Eastman in 1995, the field of
nanofluids has since evolved, encompassing various types of nanoparticles to
improve thermal properties for applications in fields such as electronics,
automotive cooling, and thermal energy storage. Hybrid nanofluids, which
integrate two or more different nanoparticles into a single base fluid, have
emerged as a promising advancement, providing synergistic effects that
enhance performance beyond traditional nanofluid capabilities (Takabi &
Shokouhmand, 2015).

2. Properties of Nanofluids
2.1 Thermal Conductivity

One of the key advantages of nanofluids is their enhanced thermal
conductivity. Multiple studies have established that the addition of
nanoparticles can drastically improve the thermal properties of the base fluid.
For example, a study by Rashad et al. demonstrated that hybrid nanofluids like
Cu-AlLOs/water exhibited significantly improved thermal conductivity
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compared to their monomaterial counterparts (Rashad et al., 2018). This
enhancement is largely attributed to mechanisms like Brownian motion,
particle interaction, and the increased surface area-to-volume ratio of
nanoparticles.

2.2 Heat Transfer Characteristics

The thermal performance of nanofluids extends beyond mere thermal
conductivity; they also exhibit improved heat transfer coefficients in various
flow configurations. For instance, Devi and Devi analyzed the boundary layer
flow over a stretching sheet, revealing that the hybrid nanofluid demonstrated
superior heat transfer characteristics in comparison to single nanofluids (Devi
& Devi, 2016). The study highlighted how factors such as particle size,
concentration, and flow conditions interact to affect the convective heat
transfer mechanism.

2.3 Rheological Properties

Nanofluids can alter the viscosity of base fluids, which is critical for the
understanding of their flow behavior in thermal systems. Higher viscosity can
lead to decreased flow rates in certain systems but may also result in enhanced
heat transfer due to prolonged contact times between fluid and heat exchange
surfaces (Shahsavar et al., 2019). Studies investigating hybrid nanofluids
present insights into the complex interplay between thermal performance and
rheological properties (Shahsavar et al., 2019).

3. Applications of Nanofluids and Hybrid Nanofluids
3.1 Heat Exchangers

Nanofluids and hybrid nanofluids are increasingly used in heat
exchangers to enhance thermal efficiency. The inclusion of nanoparticles in
fluid mediums allows for the reduction of overall size and weight of heat
exchanger systems, leading to more compact designs with improved
performance (Chamkha et al., 2017). Several numerical studies have shown a
significant increase in Nusselt numbers, indicating enhanced convective heat
transfer when hybrid nanofluids are utilized (Tulu & Ibrahim, 2021).

3.2 Solar Collectors

The performance of solar thermal systems has significantly improved
with the use of hybrid nanofluids. Studies demonstrate that hybrid nanofluids
in flat-plate solar collectors boost thermal efficiency relative to single
nanofluids (Wahid et al., 2022). The improved heat-transfer properties also
assist in better heat retention and temperature management in solar
applications.
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3.3 Electronic Cooling

In electronic applications, efficient heat removal is critical for device
longevity and performance. Hybrid nanofluids are becoming a preferred
option due to their higher thermal conductivities and heat capacity, which are
vital in managing elevated temperatures associated with modern electronics
(Shahsavar et al., 2019). For instance, comparative studies indicate marked
improvements in cooling efficiencies within microchannels when utilizing
hybrid nanofluids (Shahsavar et al., 2019).

4. Recent Advances and Numerical Modeling

The understanding of nanofluids has advanced significantly with
computational fluid dynamics (CFD) simulations that model their behavior
under various conditions. Studies by Takabi and Salehi explored laminar
natural convection using hybrid nanofluids in geometries such as sinusoidal
corrugated enclosures, providing valuable insights into thermal distribution
and fluid dynamics (Takabi & Salehi, 2014). Similarly, Tulu and Ibrahim
discussed the effects of variable viscosity and second-order slip flow on
natural convection, further highlighting the nuanced behaviors of hybrid
nanofluids in real-world applications (Tulu & lbrahim, 2021).

5. Conclusion

Nanofluids and hybrid nanofluids represent a significant advancement in
thermal management fluids, offering improved thermal properties that
facilitate their application in critical fields such as heat exchangers and
electronic cooling systems. Ongoing research continues to unveil the
complexities of their thermophysical properties, rheological behavior, and
modeling challenges. The future of hybrid nanofluids, driven by technological
advancements and increased understanding of their behavior, holds promise
for improved energy efficiency and performance in various thermal
applications.
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Chapter - 11

Mathematical Modelling of Casson Fluid flow due to an
Annular region under the Influence of Energy Transfer

Nayanmoni Rajkonwar and Pritishma Konwar

Abstract

The purpose of this study is to investigate the nature of dual solutions and their
stability of the magnetized Casson fluid flow through an annular gap with the
effects of heat transfer phenomenon. An uniform magnetic field is applied in
the normal direction of the fluid flow. The suitable similarity transformation
and the MATLAB routine bvp4c solver scheme are employed to solve the
governing equations. The stability analysis is executed to characterize the
stable and physically tractable solutions. The outcomes of the non-
dimensional factors on velocity, temperature distributions are exhibited
graphically. Also, the skin friction coefficient and Nusselt number are
scrutinized in tabular form. From the discussion, we have come out that the
Casson fluid parameter and the Hartmann number accelerate the velocity of
the fluid in different cases of present geometries. The Eckert number is used
as temperature enhancing parameter. From the results, we have found that dual
solutions exist up to certain region of the similarity variable and the first
solution is stable and physically tractable over the second solution.

Index Terms: Dual Solutions, MHD, Casson fluid, Heat transfer, Stability
Analysis, Annular region.

Introduction

The significance of the non-Newtonian fluids (non-linear relationship
between the shear stress and the rate of deformation) due to their appropriate
applications in the engineering sciences, industrial processes, medical
sciences etc., are advanced than the Newtonian fluid in the recent times. The
Casson fluid is a special kind of non-Newtonian fluid which need an yield
stress to express their constitutive equations and it behaves like an elastic
solid. This type of fluid flow has multifarious realistic applications such as
food processing, bio-engineering operations, fuel cell, fiber technology and
nuclear reactors etc. Jelly, Tomato sauce, Honey and human blood etc are
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some real life examples of the Casson fluid. Again, the impact of magnetic
field on the fluid flow has been widely recognized by engineers and scientists
because of the imperative applications such as MHD pump and MHD
horizontal multistage pump etc. Fluid motion over stretching/shrinking
surfaces with the heat transfer phenomena have many implications in several
industrial processes. Also, the fluid flow through this present geometry has
occurred in many practical technology-driven applications such as in the
assembly of oil and gas, electrochemical cells, fluid viscometers and hydraulic
equipment etc.

Crane ™ was the first author who has investigated the nature of fluid flow
due to the stretching/shrinking surface. After that, a huge amount of research
works of different fluids flow due to this type of geometries are available in
different research areas from the several decades. In the recent times, many
authors (Tamoor et al. [, Debnath et al. 1, Dey and Hazarika ™! and Mahdy
and Ahmed Bl) have investigated the impact of MHD on boundary layer flows
of different fluids. Nagaraju and Garvandha ! have inspected the thermally
stratified viscous fluid flow with the influence of magnetic field through a
circular pipe.

Nomenclature:
S Casson fluid parameter

Pr Prandtl number
o curvature parameter

Mg plastic dynamic viscosity
(ug, 1) characteristic velocity (m s*) and length (m)
(r,,1,) radii of inner and outer cylinders (m)
p density of the fluid (Kg m™)
w stream function
f () dimensionless velocity
(To, T;) surface temperature of the inner and outer cylinders (K)
6(r7) dimensionless temperature
n similarity variable
7 dimensionless time variable
C; skin friction coefficient
4 dynamic viscosity (Kg m? s?)
C, specific heat at constant pressure (J Kg™* K™)

Ec Eckert number
T temperature of the fluid (K)
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o electrical conductivity

t time (s)

Ha Hartmann number

k thermal conductivity (W m? K1)
v kinematic viscosity (m?s)

@ unknown eigen value

Re, local Reynolds number

(u,v) velocity along (x,r) directions (m s?)
Nu, local Nusselt number

u,, velocity at surface (m s™)

B, magnetic field strength (Ns C* m™)

Py yield stress

Krishna et al. [l have put their ideas about the influence of chemically
stratified MHD flow over stretching sheet. Okedayo et al. © have examined
the MHD flow with the effects of the heat transfer by accounting cylindrical
pipe which is filled with porous medium. Eldesoky et al. I have investigated
the effects of magnetic field and thermal transmission of fluid flow by
assisting catheterized wavy tube. Recently, Gireesha and Sindhu 2° have
investigated the significance of MHD boundary layer flow through annular
microchannel with porous medium. Barman et al.'I have examined the fluid
flow through the annular gap between the concentric cylinders and offered
many practical applications related to this present model. Again, Eldesoky et
al. [ have investigated the interface between compressibility and particulate
suspension on peristaltically constrained flow due to planner channel. In the
recent time, many researchers such as Shafee et al. ¥, Ahmed et al. 1 and
Ahmed et al. % have examined the flow behaviours within a tube and channel
walls of different fluids like hybrid nanofluid and micropolar fluid etc. Sadaf
and Abdelsalam 1€ have investigated the characteristic of hybrid nanofluid
with different flow parameters by considering wavy non-unoform annular
region.

Due to the lack of information about the smoothness of the surface, length
of the geometries, shrinking and moving surfaces, some irregular behaviours
of fluid flow are observed which are occurred with the change of time. To
control this type of instability of the flow, many researchers have spent their
time with this type of problems and got two solutions, one is dependent on
time and another one is independent on time. Markin 71 was the first author
who has investigated the dual solutions and their stability. After that, many
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researchers (Weidmann et al.l'®l, Zaib et al. %, Adnan et al.?® and Ishak et
al.?! etc) have investigated the stability analysis on the dual solutions of the
Newtonian and non-Newtonian (Casson fluid and nanofluid etc) fluids with
heat transfer due to the different surfaces and put their importance of these
fluid model in the various scientific fields. In the recent times, Dey and Borah
(22231 have investigated the dual solutions of viscous fluid flow over
exponentially shrinking cylinder and their nature of flow. Mishra et al.[?4l have
investigated the hydromagnetic flow and their stability on the dual solutions
over stretching/shrinking surface.

This present work is all inspired by the above literatures and its immense
relevance in different physical fields. We have studied the MHD Casson fluid
flow through an annular gap between the concentric cylinders by assisting the
MATLAB routine bvp4c solver scheme. Due to the contracting surfaces of the
outer/inner cylinders of this model, the existence of dual solutions and their
stability analysis are investigated together with heat transfer phenomena. The
results are discussed pictorially and the stable/unstable flow are analysed by
using the concept of the normal mode method. Based on our knowledge, we
have confirmed that the dual (steady and unsteady) solutions and their stability
analysis of this fluid model through the annular region of the concentric
cylinders is not established till now. From the literature review, we have seen
that lots of studies have focused on various aspects of the topic or subject area,
none of them deal with this particular research idea. So, we are unable to make
comparison our work with existing literatures.

Mathematical Formulation:

We have considered the hydromagnetic two-dimensional steady and
incompressible Casson fluid flow with heat transfer through an annulus.
During the entrance part of the annular region, the flow is behaving like a
boundary layer flow until it reaches to fully developed flow (where flow
properties are independent of the direction of x). So, we mainly concentrate
on the boundary layer region. The geometry of this present problem is shown
in Fig.1. Here, we have considered the following three cases:

i)  The inner cylinder of radius I} of this annulus characterized with the
. . UpX N
shrinking velocity u,, = % such that the constant U, < 0 signifies

shrink at the surface of the inner cylinder and T, the prescribed
temperature at the surface,
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ii) The outer cylinder of radius r, characterised with the shrinking

. UpX
velocity uW=(|’— with T, the surface temperature of the outer

cylinder
iii) Both the cylinder are shrank at the respective surface.

The relationship of their radii and wall temperatures are given by
r, > 1 &T, >T,. An uniform magnetic field By is applied in the transverse
direction of the flow.

Momentum boundary layer Thermal boundary layer

/

Flow region

Flow region

NN

¥y By

Fig 1: Flow Diagram

Following the theory of boundary layer approximations, the governing
equations of this present problem are:

1 1
OX or )
2 2
TECCIPRVICCIN U CA A Yo _oB u, 2

ox o or B )\er? ror P

2 2 2
uﬂ+v£:L £+Eﬂ +'u_ﬂ(1+i)(a_u) +GBO UZ, (3)
ox or pCylar2 ror) pC,~ p\or PC,

where, u &vare the velocity components along the flow direction and

J2
radial direction respectively. g = % is responsible for the Casson fluid

y
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such that its value S — oo represent the Newtonian fluid. v, p,o,C,,k &T

are the kinetic viscosity, density of the fluid, electrical conductivity, specific
heat at constant pressure, thermal conductivity and temperature of the fluid

respectively.
The significant boundary conditions for the above cases are:

1) For the case of shrinking inner cylinder

u,X

r=r:u=u,=-——-,v=0T=T,;
r=r,:u=0T=T,.
2) For the case of shrinking outer cylinder
r=r:u=0,v=0T=T,

Uy X ®)
r:rz:u:uwz—%,Tle.
3) Both the cylinders are shrinking

U, X
r:rl:u:uw=—%,v=0,'r:1'o;

U (6)
r=r, u:uwz—%,T:T1

The following similarity transformations [which must satisfy the
continuity equation (1)] are adopted to alter the related non-linear governing
equations into a new set of solvable systems.

U, [ r*—r? LU, T-T,
= || — [\w=]—1xf(n),0(n) = : 7
" UI( or ]w 1/| Xf (17),0(7) T, ™

Implementing the equation (7) into the equations [(2) & (3)], we have
achieved the following set of equations:

(1+%j[(1+ 20m) f "+ 2af "]+ f - f 2-Ha’f'=0, (9)

(1+2a7)0"+ 220"+ Pr £6'+ Pr Ec(L+ 2ar) [1+ ;} f 24 PrEcHa’f? =0, (9)
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The relevant boundary conditions become:

n=0:1()=0,1(n)=-10(n) =%

(10)
n=m:f'(n)=0,0(n)=0.
n=0:f(n)=01'(7)=00(n)=1 an
n=m:f'(n)=-106(n)=0.
n=0:1f(n)=0f'(n)=-10(n) =14 )

n=m:f'(n)=-106(n)=0.

The boundary conditions [(10)-(12)] represent all the considering cases

2

. i B,’I u
of this problem. o= UIZ = UIZ,Hazzg 0 ,PrzﬂCP&Ec= w
\l Uhy Uol, Py k Cel..
are the curvature of the cylinders, the Hartmann number, the Prandtl number
and the Eckert number respectively.

The following physical quantities of interest observed in this problem
are skin friction coefficient and the Nusselt number that are very important in
different physical fields like engineering sciences and geo-physics etc. The
quantities are defined as the following way:

(13)

Zﬂ[1+;;j ou KX oT
Cs :—(—) &Nu, = —(—] .
r=R r=R

2 or KT -T,)ar

Py
Using the similarity transformation (7) in (13), we have got the following
expression for these quantities:

1 2 1 - 1
—C; Re,? =(1+—j f"(0) & Nu, Re, 2 = —a(1+—]9'(0), (14)
2 B B
Uox? .
where, Re, = is the local Reynolds number.
Flow Stability

The flow stability is carried out to distinguish the stable and physically
achievable solution. Many researchers (Markin 71 and Weidmann et al.l*®l
etc) have examined the flow stability and put their conclusions that the upper
branch (first) solution is stable and physically realizable. To differentiate flow
stability of this fluid model, the unsteady form of equations (2) and (3) are
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considered by adding %&% in equations (2) and (3) respectively. The

following similarity transformations are utilized to revolutionize the unsteady
governing equations into a set of solvable system.

U [ rP—r? vu, T-T, Ut
=] o= =26t (7,7),00,7) = ,v=-2-(19)
1 U,[ o )Y ‘/l X (7,2),6(1,7) T

Substituting equation (15) into the time dependent flow governing
equations, the we have got the subsequent set of equations.

2
[ j|:(l+2ar7)3f+2a62f} f (1, )—{afJ ha2 2T o (16)
B on’ on

on on onor

2 20\
(1+2m])a—€+2a%+Prf(q,r)%+PrEc(1+2an){l+l} Q +PrEcHa2[6f] Pr%70
on”on on B\ on* on or
17

The associated boundary conditions for this problem are:

n=0:1(1.0)=0. (.0 =—16(7.7) =1
or

o (18)
77=m:6—(77,r)=0,9(77,r)=o.
T
. of _
n=0: f(ﬂ,f)=0,a—(f7,r) =0,0(n.7) =1,
o ¢ (19)
77=m38—(77,7)=—1,49(77,r)=0.
T
of
n=0: f(ﬂ,f)=0,6f(77,r)=—1,9(77,r) =1
¢ (20)

of
n=m:—(n,7)=-16(n,7)=0.
or

For the check of flow stability, the following perturb equations which
are taken from Normal Mode Method are considered:

f(n.7)=fo(n) +eF(n,2), 21)
0(17,7) = 6,(7) +& *"G(7, 7).

where, @ is the unknown eigen value parameter. f,(77) & 6, (77) are steady
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flow solutions and F(7,7) &G(n,7) small relative to the steady flow
solutions which are determined by setting r=0 i.e., the small related
solutions taken in the forms Fo (1) &Gy (7). Hence
F(n,7) =Fy(n) &G(n,7) =Gy(n) in equations (16) and (17) reflects the
initial decay or growth of the solution of equation (21). In this respect, we
have to solve the following linearized eigen value problems which are

obtained by Substituting (21) into equations (16) and (17) and used the case
7 =0.

[1+%J[(1+ 2an)Fy "+ 2aF, "]+ (R "+ Fo o ") = 2, 'Ry '— Ha?Fy '+ wF, ' =0, (22)

(1+2am)Gy "+ 20Gy + Pr( Gy + Fyfly) + 2PrEC(L+ 2a77){1+%:| fo"F"+ 2PrEcHaZfy'Fo ~PraGy =0.  (23)

The boundary conditions became:

n=0:F (1) =0,F,'(n)=0,Gy(17) =0; 24)
n=m:F,'(n)=0,Gy(7) =0.

This eigen-value problem gives an infinite set of eigen-values
@y <@ <...,. The stability of the steady flow solution is based on the least

eigen value a,.If the least eigen- value @ <0 then an initial escalation of

complexity on the flow is observed and the flow becomes unstable in nature.
On the other hand, the positive smallest eigen-value recognizes an initial lie
down of disturbances on the flow and it provides stable and achievable flow
solution. Following Harish et al. 5 and Junoh et al. %1, the boundary

condition F,(0)=0is reduced to F,"(0) =1for calculating the eigen-values
(@).
Methodology

Following Sastry ?and Dey and Chutia 28, the “MATLAB routine
bvp4c solver technique” is executed to solve the equations [(8), (9), (22) and
(23)] with the relevant boundary conditions for all the cases of this present
investigation. It gives the solutions by taking finite difference codes. It needs
three basic functions such as (i) initial guess solutions, (ii) system of first order
equations and (iii) boundary conditions of the problems. Here, we have
introduced the following new variables which switch the resultant equations
into its system of first order equations:

f =Y f ':yZ, f ":y3,0:y4,9':y5;F0:yG,FO':yWFO“:yS,GO:yg,GO':ylo
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Then we have achieved the following new system:
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(Yo" +Ha%y, —yiy,)  2ay, o
Y4 = Y5

Vi'=Yo Y2 '=VYa Y5 = 1 Ya
[1+%] +2ay) EF2em)

—2ays —Pry;ys — PrEc(l+ 2an)A+1/ B)ys*> — Pr EcHay,?
L+2an)

Ys'=

2y,Y; + Ha?y, — oy, -y Yg — 20
Yo' =VY7.Y7 = Ve ¥g'= Yoli y;_ Y1~ Nl YGY3_(1+2)§ )
(1+ﬁj(1+ 2an) g

1
Pr y, —2Pr EcHay, Y7 — 2y, Yg Pr Ec(L+ 2an)[1+ /3]_ Pr(y1¥10 + Ys¥s) — 2@ Y10

Yo =Y10: Y10 = L+ 2an)
and the boundary conditions for all the cases are attached into their
format.

Discussion of the Results

In this study, we have focused on the existence of dual solutions during
fluid flow through the annular gap (in the boundary layer region formed in the
entrance region) of the concentric cylinders and these exist up to a certain
region of dimensionless similarity variable 7, . The flow behaviour and the

heat transfer phenomena of the Casson fluid motion are discussed graphically
for the different flow parameters. Here, the solid lines represent the first
solutions, independent of time and the dash lines denote the second solutions,
dependent on time. The flow over the shrinking surface helps to form dual
solutions. We have discussed the results of this problem in the following cases:

Case-1: When the outer cylinder is stationary with the shrinking inner
cylinder of the concentric cylinders

The impact of the Casson fluid parameter (£) on the fluid motion is
shown in Fig. 2. The increasing values of f reduce the viscous force of the

fluid which helps to enhance the speed of the fluid during time-independent
solution. But, an opposite nature is observed during time dependent solution.
Physically, it can be interpreted that at a particular instant of time, the Casson
fluid parameter accelerate the fluid motion but with the variation of time, fluid
motion experiences retardation with the enhancement of Casson fluid
parameter. Also, the temperature of the fluid is reducing with improving
values of B [see Fig. 3] during steady case. But, it has the ability to enhance
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the temperature of the fluid during time dependent case. The curvature
parameter helps to accelerate the fluid motion in both the cases (figure 4).
From Fig. 5, it is perceived that the curvature parameter helps to reduce the
temperature of the fluid motion in both the cases. It is also perceived that the
thickness of the thermal boundary layer of the first solution is thicker as
compared to the second solution. Physically it can be interpreted that the fluid
flow in 2nd case reaches its thermal equilibrium stage sooner than first case.
Impacts of Hartmann number (Ha) on velocity and temperature profiles are

depicted by Fig. 6 and Fig. 7. Speed of fluid motion diminishes with Ha. The
reason behind this phenomenon is that developing values of Ha enhances the
resistance of the fluid over the surface and hence the velocity of the fluid
enhances. From Fig. 7, it is observed that the Hartmann number (Ha) helps
to cool down the fluid motion during both time dependent and independent
cases. Thus, the Hartmann number plays an important role to control the
thermal transmission of the fluid between the annular region of the cylinders.
But, the Eckert number plays a role to enhance the temperature of the fluid
during both time-dependent (second solution) and time-independent (first
solution) cases [see Fig. 8]. The Eckert number (EC) is the relation between
flow Kkinetic energy and thermal enthalpy. The kinetic energy enhances for
developing values of Ec. Again, it is well known fact that temperature is
defined as average kinetic energy, so increasing values of Ec helps to make
system warm.

0

02 g

04 4

0.8 S _
s

First solution

------- — Second solution

1.2 1 L 1 1 1 L

0 1 2 3 4 5 6 7
n

Fig. 2 Velocity distribution for incremental values of Casson fluid parameter (£5)
when Pr=0.71,« =1,Ha =0.5,Ec =0.01and inner cylinder is shrinking.
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Fig. 3 Temperature distribution for incremental values of Casson fluid parameter
(B) when Pr=1.7,a =1,Ha =0.4,Ec =0.01and inner cylinder is shrinking.
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Fig. 4 Velocity distribution for incremental values of curvature parameter (o) when
Pr=0.71,Ha=0.4, 4 =1 Ec=0.01and inner cylinder is shrinking.
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Fig. 5 Temperature distribution for incremental values of curvature parameter («)
when Pr=0.71, 8 =1,Ec =0.01,Ha = 0.5 and inner cylinder is shrinking.
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Fig. 6 Velocity distribution for incremental values of Hartmann number (Ha) when
Pr=0.71,« =1, 8 =0.5,Ec =0.01and inner cylinder is shrinking.
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Fig. 7 Temperature distribution for incremental values of Hartmann number (Ha)
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Fig 8: Temperature distribution for incremental values of the Eckert number (Ec)
when Pr=1.7,a =1, =0.4,Ha=0.4 and inner cylinder is shrinking.

All the figures in the above cases visualize the dual solutions of this
problem and assure the boundary conditions asymptotically. Again, it is
observed that the first solutions appear near the surface of the annular gap and
hence it can be achievable practically than the second solutions. The stable
and unstable flow solutions are observed in this flow model. To characterise
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the instability of the dual solutions, a table of smallest eigen values for various
values of g is included for the three cases. If the smallest eigen values are

happened to be positive then an initial decay of disturbances on the flow is
observed and hence the flow become stable. Again, if the least eigen value is
found to be negative then the flow will be unstable because it intensifies the
initial disturbances on the flow. From the table-1, it is seen that the smallest
eigen values for the first solutions are positive for all the cases and hence the
first solutions are stable. But, in case of second solution for all the cases, the
smallest eigen values are negative and hence an unstable flow is observed
during time-dependent case.

Table 1: Numerical values smallest eigen-value () for various values of
Casson fluid parameter when Pr=1.2,Ha=0.2, =1.6,Ec =0.3.

B Eigen-Value (@)
First Case (inner cylinder First Solution Second Solution
is shrank) 1.0 0.8808 -0.4104
1.2 0.8731 -0.4132
14 0.8676 -0.4155

The physical quantities of interest such as shear stress and rate of heat
transfer at the surface are tabulated numerically in Table-2 and Table-3 for all
three cases. From the Table-2, it is noticed that the skin friction coefficient of
the first solution for the first case enhances but in case of time-dependent
solution, it experiences reduction for different values of the Casson fluid
parameter. On the other hand, both the solutions of the skin friction coefficient

enhance in all the cases for incremental values of /.

Table 2: Numerical values of skin friction coefficient for various values of the
Casson fluid (/) and curvature (&) parameters when
Pr=0.71,Ec =0.01, Ha =0.5.

Case-1
p a Skin friction coefficient
First solution Second solution

0.5 0.7182 0.3524
0.8 1.0 0.7285 0.2350
1.0 0.7330 0.1736

0.5 0.5976 -0.1599
1.0 0.8 0.6796 0.2161

1.0 0.7182 0.3524

Page | 144



Table 3: Numerical values of Nusselt number for various values of the Casson

fluid (/) and curvature (&) parameters when
Pr=0.71,Ec=0.01, Ha =0.5.

Case-1
p a Nusselt number
First solution Second solution

0.5 0.4766 0.1700
0.8 1.0 0.4812 0.1520
1.0 0.4833 0.1420

0.5 0.1619 -0.5790
1.0 0.8 0.3782 -0.0583

1.0 0.4766 -0.1700

Conclusions

The overall conclusions of this investigation are highlighted in the
following points:

a)

b)

c)

d)

e)

From the stability analysis, it is observed that the dual solutions are
occurred up to a certain region of the flow direction and the first
solutions is stable in manner and physically attainable.

All the flow parameters for the first case facilitate to enhance the
motion of the fluid, but the Casson fluid parameter controls the speed
of the fluid during the time dependent situation. In the case of
temperature field of the fluid, all the parameters control the
temperature of the fluid, but the Casson fluid parameter has an
opposite influence on the time dependent temperature field of the
fluid.

For the second case, the Casson fluid and curvature parameters have
the tendency to speed up the fluid, but the curvature parameter plays
an important rule because it helps to manage the motion of the fluid.

The same flow characteristics are seen for the different flow
parameters in the third case with the second case.

Enhancing values of the Eckert number rise the temperature of the
fluid during all the cases.
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Chapter - 12

g- Bessel Operator On [0,0) And Continuous Wavelet

Transforms

Bhadra Devi Cheleng, Rajiv Singh, Dipankar Borah and Ariyan Dhadumia

Abstract

In this paper, we investigate a differential operator defined on the half-
line and study harmonic analysis tools associated with this operator. Using
these tools, we introduce and analyze the definitions and properties of the
continuous wavelet transform related to the g-Bessel operator. Furthermore,
we examine the generalized g-Bessel Fourier transform and establish the
associated convolution product on the half-line.

Keywords: Generalized wavelets, g-Bessel Fourier transform, generalized
continuous wavelet transform, g-Bessel operator.

Introduction

Wavelet theory is based on a family of functions generated from a single
function, known as the mother wavelet, through translation and dilation
operators. This construction leads naturally to the definition of the continuous
wavelet transform, which has found wide applications in harmonic analysis
and differential equations.

In this work, we introduce and study a q-Bessel operator (see I ) and
develop a corresponding wavelet framework. The q-Bessel operator is
associated with the normalized g-Bessel function through a specific
eigenvalue problem.

Unlike elementary functions such as trigonometric or exponential
functions, Bessel wavelets are closely connected to special functions. The
concept of g-analysis was first introduced by Jackson in the early twentieth
century and has since played an important role in various branches of
mathematical analysis.

The paper is organized as follows. In Section 2, we briefly review the
fundamentals of the g-Bessel Fourier transform, including essential
definitions, notation, and basic properties of the translation operator and
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convolution product. Section 3 is devoted to harmonic analysis associated with
the generalized g-Bessel operator, where we define the generalized q-Bessel
transform and study its main properties along with the corresponding
convolution structure.

Background and Preliminaries

Here we state some facts about g-Bessel operator with respect to
harmonic analysis.

Define the space L. here p is finite and greater than or equal to one,

q,p,v’
is the sets of all real functions on IR; such that

1
L D (v X“”dqu <
[l = suplf. ()] <=
yell g

And Ry = {q™:n € 7}
The g-Bessel Fourier transform F, | forafunction f €L, asin®is

given by

Foo(£)) = cu(f;” fi®)jy (L, )t 1 dgt), vy € RE (1)
Where

. 1 (q2v+2’q)
s 1_q (q q )OO

and J, with index V is given in 12

@)

Proposition 1
i) If f and F,, belongs to Lg;,(Ry) then fi(y) =

Can(fy Far(F)Mjp(Ay, ¢DARVd 2) vV y € R, (3)
i) The inverse g-Bessel Fourier transform is defined as

Tf A)j, (Ay,0%) A%< A. @)
0
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The translation operator of g-Bessel z'(\]' Vv > —1 are defined as

X1

©

rgvx(fl)(y):_"fl(z)quv(x,y,z)zz“ldqz, such that x,y>0 ®)

o

Where,
D,,(xy.z)=cZ, (T jv(x.s,qz)jv(y.s,qz)jv(z.s,qz)szv*ldqu (6)
0

The convolution product of g-Bessel for two functions f,, f, is defined
as

0

fl *q fz(X)ZCq,v (J.T:ql,x fl(y) fz(y) yZVJrlquJ, x> 0. ©)

Proposition 2

) For fon Ly, wehaveley, £ <[],

i) Forf,f,onL,,,  wehave f « f,belongsto L, then

l:q,v(fl >kq fz): Fq,v(fl)quV(fZ) (8)

Definition 1: If an even function f, € L, , ,(Ry) holds the admissibility
condition, then it is called a g-Bessel wavelet.
K 2dA
0<C,, =.HFW (f,)(2) =<

0

0, 9
Definition 2: Let f, € Ly, o(R}) be a g-Bessel wavelet. For a function

fi € Lg1,(RY) the continuous g-Bessel wavelet transform is defined as

W (f)(a,b) = [, () ffty (x> dyx, Va,b € RY. (10)
Where

1
[ty @) = VAT, (f0); VO b € RE , fra(0) = oo f5 (%)
Theorem 1: Let f, € L, ,(R7) be a Bessel wavelet of order « . Then

i) Forall f; € Ly ,(RY) the Plancherel formula we have
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da
2

I e T, (e eape )
0 a,g \00

i) Forsuch F, ,(f) € Ly 14(Ry), we have

fikx) =
e [y @ ) da
C:-fz o (s Wq?fzocl)(a'b)fz%a,b)(x)bz’z“dqb)ﬁ,vx €eR; (12)

Harmonic Analysis Associated With A

1
Let V> _E' n € N U {0} and the map M in [ is defined as

M (f,(x))=x"f,(x) (13)

Andlet L, .., 1< p <o be the measurable functions f on the half
line such that

” fl”‘flvpyv - HM h leq,p,VJan <o VXel ; (14)

Proposition 3

i) Themap M isaisomorphism from Lypvonto L, .,

Pon (AY,0°) = V" lus2n (2Y,07) (15)
where J,.,, is normalized g-Bessel function.
i) @, . satisfies the differential equation.

Aqun®in (/W, qz) =2’ (ﬂy, qz) (16)

Definition 3: The generalized g-Bessel transform for a function
f, e L,,, isdefined as

B, (f)(¥)=¢y, (I f(Y) @ (Y, qz)yz“ldqy]- (17)
0
Where Cqv is given by (2)

Proposition 4
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i) vfel,, B (f,)(4)=F

qv q,v+2n

oM, (1)

Proof

) Vvfel,,

(18)

Theorem 2

i) Forevery f belongs L ,, intersection L, the Plancherel
formula we have

[ vy = [[B_ (1)(2) datyan (2):
0 0

i) The inverse transform is given as

o0

B, (1)(0)= ] £ () (4.0t s (2).

0

Proof

i) Forevery f belongs L ., intersection L , we have
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B, (,)(2) ‘d,uqv .”qu M) ‘dqun(ﬂ,)

|

||V| 1 f, ( y)|2 y2v+4n+1, (19)

Il
Ot——8 O3

| f1 ( y)|2 yZv+1dy

which gives i). The ii) proof is standard.
Generalized convolution product
Definition 4: Define the generalized g-Bessel translation operator Tq,y

associated with A, are defined by
2n -1
T f(t)=(yt) Moz, oM (20)
Where t >0 and 7,  is given by (4).

Definition 5. The generalized g-convolution product of two functions f;

and f, on L ,, isgiven by

q,1,v

fi#, fo( qv[j )t d tJ (21)

where Cqv is given by (2).

Remarks 1
i) Notice by equation (19) that
f#, f,=M[(Mf)#,(MF,)] 22)

Proposition 5

i) For f, f,ely,;, wehave B (f #f ) B (f,)B,(f,)

17qyv

1 qv f ||_||f||q1v||f "qlv

i)y f el,,,, wehave B (Tqyyfl)(/l):gpv(/ly,qz)Bw(fl)(ﬂ).

iy For f,f, e Lq’l,v
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Proof

i) For f,f,el,,, wehave

B, (f,# )= Bw(M[(M-1f1)#q,V(M-1f2)])(/1),

=F oM (M[(M21)#,, (M) ])(2), (23)
=P (M71)(2)x Ry, (M7 1)(4),
:Bq,v(fl)Bq‘v(fz)'

i) For f,f, el ,,,
H 1:1 #q,v fZH = HM 71( fl #q,v fZ)H

=[m7t]

q,1,v+2n !

(24)

M|
g,1,v+2n 2 q,1,v+2n !

< ” fl”q,l,v ” f2||q,l,v '

iii) For f el

q,2,v "’

By (Toy £1)(4) =By, (Y"M ozl oM 71, )(2),

= yZn I:q,v (Tc\ql,y oM * fl)(/l)’

=Y yoan (Y, 07 Fyp (M 71,)(2),

=, (iy,qz)Bq‘v ( fl)(ﬂ“)'

(25)

Conclusion
In this article, by considering this particular differential operator on
[0,00) the g-Bessel operator is generalized. And then investigated the

classical analysis on the continuous wavelet transform corresponding to the
operator. As the concept wavelet has many uses in finding solutions of
different differential equations, the idea of this paper can be extend to other
classical wavelets.
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