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Abstract
This paper presents a numerical investigation of steady two-dimensional bioconvective MHD flow along with the heat and mass 
transfer phenomena of a water-based hybrid nanofluid containing motile microorganisms over a porous stretching sheet. The 
study considers effects of various physical parameters, such as thermal radiation, chemical reactions, Joule heating, and heat 
generation, on the flow and transport characteristics of the system. Copper (Cu) and alumina (Al2O3) nanoparticles are used with 
water (H2O) as the base fluid. The governing equations are transformed into a set of nonlinear ordinary differential equations 
using a standard similarity transformation. The reduced equations are solved numerically using the Keller-box method. The 
impact of different parameters on the velocity, temperature, concentration, and microorganism concentration profile is illustrated 
graphically, while their influence on the skin-friction coefficient, local Nusselt number, local Sherwood number, and local 
density number of motile microorganisms is tabulated. This study provides an excellent agreement with previously published 
works. The results of the study show that the presence of motile microorganisms significantly enhances the heat transfer rate 
and mixing efficiency of the nanofluid. The analysis demonstrates that the chemical reaction and thermal radiation play crucial 
roles in controlling the concentration and temperature distributions of the nanofluid, respectively.

Keywords  Thermal radiation · Chemical reactions · Stretching sheet · Hybrid nanofluid · Motile microorganism · Joule 
heating

Nomenclature
a, b	� Constant
x, y	� Cartesian coordinates along the surface and normal 

to it, respectively (m)
u, v	� Velocity component along x-axis and y-axis respec-

tively (m s−1)
T	� Temperature (K)
C	� Nanoparticle concentration (mol l−1)
N	� Concentration of the microorganism
Bo	� Magnetic field (T)
ko	� Porous term (m2)
Qo	� Coefficient of heat generation
Cp	� Specific heat at constant pressure (J kg−1 K−1)
qr	� Radiative heat flux
Dm	� Mass diffusion coefficient

Dn	� Microorganisms’ diffusion coefficient
Kr	� First-order chemical reaction coefficient
Wc	� Maximum cell swimming speed
k∗	� Mean absorption coefficient
M	� Magnetic parameter
Ec	� Eckert number
Q	� Heat generation/absorption
Kp	� Permeability parameter
Pr	� Prandtl number
Rd	� Radiation parameter
Sc	� Schmidt number
Sb	� Bioconvection Schmidt number
Pe	� Bioconvection Peclet number
Cfx	� Skin-friction coefficient
Nux	� Nusselt number
Shx	� Sherwood number
Nnx	� Density number of motile microorganism
Rex	� Reynold number

Greek symbols
ν	� Kinematic viscosity (m2 s−1)
μ	� Dynamic viscosity (kg m−1 s−1)
σ	� Electrically conductivity (S m−1)
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ρ	� Density (kg m−3)
κ	� Thermal conductivity of the nanofluid
γ	� Chemical reaction parameter
ϕ1	� Volume fraction of Cu nanoparticle
ϕ2	� Volume fraction of Al2O3 nanoparticle
Ω	� Microorganism concentration difference parameter
σ∗	� Stefan-Boltzmann coefficient
η	� Similarity variable
ψ	� Stream function
f′	� Dimensionless velocity
θ	� Dimensional temperature
ϕ	� Dimensionless concentration of nanoparticles
χ	� Dimensionless concentration of microorganism

Superscript
′	� Derivative with respect to η

Subscript
w	� At wall
∞	� At free stream region
hnf	� For hybrid nanofluid
nf	� For nanofluid with single nanoparticle
f	� For base fluid
s1	� For Cu nanoparticle
s2	� For Al2O3 nanoparticle

1  Introduction

A nanofluid is a type of fluid that consists of suspended nan-
oparticles, typically ranging in size from 1 to 100 nm. These 
nanoparticles are often made up of materials such as metals, 
metal oxides, and carbon-based materials. The unique prop-
erties of nanofluids make them a promising field of study for 
various applications in engineering, such as thermal man-
agement, energy conversion, and biomedical applications. 
One of the most significant advantages of nanofluids over 
traditional fluids is their superior heat transfer properties. 
The nanoparticles present in nanofluids increase the surface 
area, which in turn enhances the thermal conductivity of the 
fluid. The potential applications of nanofluids include heat 
exchangers, cooling systems, and electronic devices. How-
ever, there are still challenges to be addressed, such as nano-
particle agglomeration and maintaining stable suspensions.

Choi and Eastman were the first to observe that the addi-
tion of nanoparticles to base fluid could enhance its thermal 
conductivity, leading to improved heat transfer rates [1]. 
Following their discovery, Lee et al. studied the thermal 
conductivity of various metal oxides and found that both 
shape and size contribute significantly to the better thermal 
conductivity of the nanofluid [2]. Buongiorno carried out 
a study on the factors affecting the thermal conductivity of 
nanofluids and found that the thermal conductivity could be 
enhanced by Brownian motion and the thermophoresis effect 

[3]. Nield and Kuznetsov later utilized Buongiorno’s model 
to analyze the impact of thermal conductivity on the bound-
ary layer stream [4]. Khan and Pop [5] explored the steady 
flow of nanofluid on a stretching sheet and later Makinde 
and Aziz [6] investigated the heat transfer characteristics of 
nanofluid flow using convective boundary conditions.

Boundary-layer theory for a stretched plane has garnered 
significant interest from researchers and industry experts in 
view its extensive applications in industry and nanotechnol-
ogy. Numerous studies have been conducted to investigate 
various aspects of this theory, including the effects of radia-
tion, heat transfer phenomena, and nanofluid flow problems. 
One such study conducted by Ishak [7] who focused on the 
effect of radiation on the boundary layer MHD flow of over 
an exponentially stretching sheet. Similarly, Hayat et al. [8] 
explored the heat transfer phenomena of the boundary layer 
flow over a porous stretching sheet under slip condition. 
In another study, Muntazir et al. [9] investigated unsteady 
MHD nanofluid flow problems around a permeable linearly 
stretched sheet, considering the impact of heat radiation 
and viscous dissipation. Furthermore, Rao and Deka con-
ducted several numerical investigations on MHD steady 
and unsteady flows [10, 11] and their possible impacts on 
thermal radiation and chemical reactions of Casson nano-
fluid caused due to a stretching sheet. Additionally, Rao and 
Deka [12] recently conducted a numerical investigation on 
the effects of solar radiation on heat and mass transfer phe-
nomena of nanofluids. In another study, Alrihieli et al. [13] 
carried out an investigation on a non-Newtonian nanofluid 
flow and heat mass transfer in a two-dimensional steady 
laminar boundary layer caused by a horizontally stretching 
sheet. The study included heat generation/absorption near 
a stagnation point and on the radially stretching plate. Very 
recently, Jawwad et al. [14] examined the MHD boundary 
layer flow of the Carreau nanofluid, specifically looking at 
the impact of heat generation/absorption near the stagna-
tion point. Majeed et al. [15] made an investigation which 
focuses on numerical investigations of the impact of dou-
ble stratification on radiative mixed convective nanofluid 
flow over a cylinder. Overall, these studies have contributed 
significantly to our understanding of boundary-layer theory 
for a stretched plane and have important implications for 
industrial and nanotechnological related applications. Some 
recent studies on boundary layer problem of nanofluids are 
mention in ref. [16–21].

Hybrid nanofluids are a new type of fluid that combines 
two or more different nanoparticles dispersed in a base fluid, 
offering improved thermophysical properties compared to 
single-component nanofluids. By choosing different types 
of nanoparticles with varying sizes, shapes, and materials, 
hybrid nanofluids can be customized for specific applica-
tions. For instance, combining nanoparticles with high ther-
mal conductivity and high specific surface area can enhance 
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the thermal conductivity of the fluid. Similarly, combining 
nanoparticles with different shapes and sizes can improve 
the mechanical properties by reducing aggregation and 
increasing stability. These fluids have been studied for a 
wide range of applications such as cooling systems in elec-
tronic devices, heat transfer fluids in solar collectors, and 
lubricants in mechanical systems. However, their use in 
large-scale industrial purpose is still left to be investigated, 
and more research is needed to understand their properties 
and optimize their performance. Several studies have been 
conducted to explore the potential of hybrid nanofluids. 
Suresh et al. [22] investigated the effect of Al2O3 – Cu/water 
hybrid nanofluid in heat transfer. The results indicate pos-
session of higher heat transfer coefficient for hybrid nano-
fluid other than the base fluid, so the hybrid nanofluid could 
enhance the heat transfer performance. Hayat and Nadeem 
[23] conducted a similar study using Ag – CuO/water hybrid 
nanofluid and found that it also improved the heat transfer 
performance. Sundar et al. [24] provided a comprehensive 
review of the preparation, thermal properties, heat transfer, 
and friction factor of hybrid nanofluids. Sarkar et al. [25] 
conducted a review of recent research on hybrid nanofluids, 
which showed that these fluids were used in various applica-
tions, such as refrigeration, heat exchangers, and solar sys-
tems. Muneeshwaran et al. [26] also conducted a review of 
the role of hybrid nanofluids in heat transfer enhancement 
and highlighted the potential applications of these fluids in 
various fields, including electronics cooling, solar thermal 
energy, and biomedical engineering. The use of hybrid nano-
fluids in solar systems was also investigated by Shoeibi et al. 
[27] and Sheikholeslami [28]. In the study carried out by 
Kursus et al. [29] provided a comprehensive review of the 
recent progress in the application of nanofluids and hybrid 
nanofluids in machining. Dinarvand et al. [30] investigated 
the flow of a blood-based hybrid nanofluid through a con-
verging/diverging channel with multiple slips effect and 
found that the hybrid nanofluid could improve the flow effi-
ciency. Ullah et al. [31] conducted a numerical analysis of 
the hybrid nanofluid (Ag + TiO2 + water) flow in the pres-
ence of heat and radiation fluxes and found that the hybrid 
nanofluid could enhance the heat transfer performance.

While hybrid nanofluids have shown great promise for 
enhancing heat transfer and thermal conductivity, their sta-
bility remains a major challenge. To meet such challenges, 
attempts are made to introduce microorganism such as bacte-
ria and algae into hybrid nanofluid. The collective motion of 
these microorganisms creates a density gradient that gener-
ates macroscopic convective motion in the fluid, which can 
increase the stability of the nanofluid. This phenomenon, 
known as bioconvection, has been extensively studied in 
recent years for its potential applications in biotechnology, 
biomicrosystems, and biological systems. Numerous stud-
ies have been conducted to investigate different aspects of 

bioconvection. For instance, Kuznetsov [32] used gyrotac-
tic microorganisms to examine the boundary layer flow of a 
nanofluid down a horizontal surface. Safdar et al. [33] pre-
sent a mathematical model to study steady MHD Maxwell 
nanofluid flow over a porous stretching sheet with gyrotactic 
microorganisms and reveal that increasing the bioconvec-
tion parameter and Peclet number leads to a reduction in the 
microorganism field. Safdar et al. [34] investigate incompress-
ible, steady, and MHD flow of Buongiorno nanofluid over a 
stretchable surface. Later Jawad et al. [35] present a math-
ematical model for evaluating MHD Maxwell nanofluid with 
heat and mass transfer over a porous stretched sheet, incorpo-
rating bioconvection. Khan and Makinde [36] carried out a 
numerical investigation on the heat and mass transfer phenom-
ena of an MHD nanofluid containing gyrotactic microorgan-
isms along a convectively heated stretching sheet. Further-
more, Khashi’ie et al. [37] numerically examined the effect of 
using gyrotactic microorganisms in the mixed convection of 
hybrid nanofluid towards a vertical plate. Shamshuddin et al. 
[38] investigated how magnetism affects the flow of biocon-
vection nanofluid across porous media while being influenced 
by heat radiation caused by stretched surfaces. Finally, Jawad 
[39] made a numerical investigation of MHD Williamson 
nanofluid with bioconvection offer valuable insights into its 
behavior and potential applications in diverse fields, enriching 
the understanding of nanomaterials in advanced technologies. 
These studies highlighted the diverse range of applications 
and potential for bioconvection research.

This study aims to address the gap in the literature by 
investigating the heat and mass transfer characteristics of 
bioconvective MHD flow of hybrid nanofluid with motile 
microorganisms, induced by a permeable stretching sheet in 
the presence of thermal radiation and chemical reaction. While 
hybrid nanofluids have been extensively studied for their 
potential in enhancing heat transfer rates and increasing ther-
mal conductivity, the scope of their use in large-scale industrial 
applications is still being investigated. One of the major chal-
lenges in using these fluids is the issue of stability, which has 
been addressed by introducing microorganisms such as bac-
teria and algae. Bioconvection, the collective motion of these 
microorganisms, has been studied for its potential applications 
in biotechnology, biomicrosystems, and biological systems. 
However, there is still a lack of understanding of the heat and 
mass transfer characteristics of bioconvective MHD flow of 
hybrid nanofluid with motile microorganisms, and this study 
may help in the process. This research is important because it 
could lead to the development of more efficient heat exchang-
ers and other industrial applications. However, the complex 
nature of these fluids makes it difficult to accurately predict 
their behavior, and hence, further investigation is required. 
Our study also investigates the effects of viscous dissipation, 
Joule heating, and heat generation on the flow. These effects 
can significantly affect the fluid motion and heat transfer rates, 
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and therefore, must be taken into account when studying the 
behavior of these fluids. To investigate the thermal properties 
of the fluid, we initially suspended the Cu nanoparticles of 
volume fraction (ϕ1 = 0.1) on the base fluid to form the Cu/
water nanofluid. Again, to enhance the properties of the fluid, 
Al2 O3 nanoparticles of volume fraction (ϕ2 = 0.1) are added 
to the Cu/water nanofluid to form Cu − Al2O3/water hybrid 
nanofluid. This hybrid nanofluid has better thermal conductiv-
ity than either of its constituents, making it an ideal candidate 
for heat transfer applications. By using a similarity transfor-
mation, we have transformed the governing partial differential 
equations into ordinary differential equations, which are then 
solved numerically using an implicit finite difference method 
known as the Keller-box method. This method is particularly 
well-suited for solving problems involving fluid flow and heat 
transfer, and has been used successfully in earlier investiga-
tions. Additionally, we calculated the physical quantities that 
measure the drag force, heat transfer rate, and mass accumula-
tion rate at the surface of the stretching sheet. These quantities 
provide valuable insights into the behavior of the fluid and can 
be used to design for optimal performance in the industrial 
processes that use these fluids.

2 � Mathematical Formulation

We consider the steady two-dimensional bioconvective 
boundary layer flow of an electrically conducting water-based 
hybrid nanofluid containing motile microorganism over a 
permeable stretching sheet. The sheet stretching velocity 
is uw(x) = ax, where a is constant. The coordinate system 
(x, y) is chosen such that the x-axis is measured along the 
stretching surface in the direction of the motion and the y-axis 
is perpendicular to it. A uniform transverse magnetic field of 
strength Bo is applied parallel to the y-axis. It is also assumed that 
the surface is maintained at velocity, temperature, concentration, 
and microorganisms uw, Tw, Cw, and Nw, respectively, and the 
same quantities at the boundary layer region are u∞, T∞, C∞, 
and N∞ respectively. Schematic diagram of the physical model 
is shown in Fig. 1.

The aforementioned assumptions and standard boundary 
conditions are incorporated in the following equations, 
which describe the MHD bioconvective hybrid nanofluid 
flow along with heat transfer and mass transfer.

(1)
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+
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o
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,

The following are the initial and boundary conditions:

The Rosseland approximation for radiative heat flux can be 
mathematically written as [40–42]:

By generalizing the Taylor series and ignoring the higher 
order terms, we are able to get:

Hence, Eq. (7) becomes:
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(6)
u = uw(x) = ax, v = 0, T = Tw, C = Cw, N = Nw, when y = 0,

u → 0, T → T∞, C → C∞, N → N∞, as y → ∞
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Fig. 1   Schematic diagram of the problem
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We use the similarity transformation [43]:

The thermo-physical attributes are given in Tables 1 and 2.
Substituting (9) in Eqs. (1) to (5), we get:

The boundary condition (6) is transformed to:

Here Ai(i = 1, 2, 3, 4, 5) are defined in the following ways:

In this study, we specify the flow parameters as follows:

(9)
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The shear stress is defined as:

The local surface heat flux and local mass flux is defined as:

The bodily measure is the local surface drag Cfx, thermal 
gradient Nux, mass gradient Shx, and motile microorganism 
flux Nnx and is given as:
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Table 1   Thermophysical properties of water and nanoparticles

ρ (kg/m3) κ (W/mK) σ (S/m) Cp(J/kgK)

H20 997.1 0.613 5.5 × 10−6 4179
Cu 8933 401 59.6 × 106 385
Al2O3 3970 40 35 × 106 765

Table 2   Thermophysical properties model for hybrid nanofluid

Property Hybrid nanofluid

Density ρhnf = (1 − ϕ2)[(1 − ϕ1)ρf + ϕ1ρs1] + ϕ2ρs2

Dynamic viscosity �hnf =
�f

(1−�1)
2.5
(1−�2)

2.5

Heat capacity (ρCp)hnf = (1 − ϕ2)[(1 − ϕ1)
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Thermal conductivity
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Hence,

where Rex =
xuw

�f
 stands for local Reynolds number.

3 � Method of Solution

The Keller-box technique is a powerful numerical method used 
for solving a system of equations that describe a non-linear 
problem, namely Eqs. (10) to (13) with boundary condition 
given by equation (14). This method is chosen for its flexibility 
and remarkable accuracy, having demonstrated an error of 
order 10−5 in solving similar problems. The technique is 
implemented here using the methodology developed by Cebeci 
and Bradshaw [44].

The computational steps involved in the Keller-box 
technique are as follows.

a.	 To reduce the obtained ordinary differential equations 
(ODE) into the system of first-order equations.

b.	 To write the reduced equations in finite difference.
c.	 To linearize the equations using Newton method and 

writing them in vector form.
d.	 To solve the linear equations which involve the tri-diagonal 

matrix.

In order to solve the obtained non-linear ODE’s, Eqs. (10) 
to (13) along with the boundary condition (14) are transformed 
into the system of first-order equations and then are expressed in 
finite difference using central differences. So, we introduce some 
new dependent variable p(η), q(η), t(η), v(η), x(η) as:
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(15)f � = p, p� = q, �� = t, �� = v, � � = x

where prime (′) represents the differentiation with respect 
to η.

Equations (10) to (13) can now be written as:

The boundary condition (14) can be written as:

Next, we consider a segment [ηj − 1, ηj] with ηj − 1/2 as its 
midpoint, which is defined below:

Let us assume that ∆ηj where  j = 1, 2, …, J indicates 
the coordinate location and hj is the ∆ηj-spacing. For the 
midpoints ηj − 1/2, we have written a set of approximations 
(16) to (19) in terms of finite differences.
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(25)�j − �j−1 −
1

2
hj
(
vj + vj−1

)
= 0,

(26)�j − �j−1 −
1

2
hj
(
xj + xj−1

)
= 0,

(27)

qj − qj−1 + hj
A2

A1

(fq)j−1∕2 − hj
A2

A1

p2
j−1∕2

− hj

(
A5

A1

M + Kp

)
pj−1∕2 = 0,

(28)
1

Pr

(
A4 +

4

3
Rd

)(
tj − tj−1

)
+ hjA3(ft)j−1∕2 + hjA1Ec q

2

j−1∕2

+ hjQ�j−1∕2 + hjA5M Ec p2
j−1∕2

= 0,
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where j = 1, 2, 3, …, J and ηJ is sufficiently large so that it is 
beyond region of the boundary layer.

The boundary conditions (20) become:

We utilize Newton’s method to linearize the non-linear sys-
tem of equations by applying the following equations:

where k = 0, 1, 2, 3, ….
Taking k out of the equations the sake of simplicity, Eqs. 

(22) to (30) may now be stated linearly as:

(29)vj − vj−1 + hjSb(fv)j−1∕2 − hj�Sb �j−1∕2 = 0,

(30)
xj − xj−1 + hjSb(fx)j−1∕2 − Pe

[
hj(vx)j−1∕2 +

(
Ω + �j−1∕2

)(
vj − vj−1

)]
.

fo = 0, po = 1, �o = 1, �o = 1, �o = 1

(31)pJ = 0, �J = 0, �J = 0, �J = 0

(32)

f
(k+1)

j
= f

(k)

j
+ �f

(k)

j
, p

(k+1)

j
= p

(k)

j
+ �p

(k)

j
, q

(k+1)

j

= q
(k)

j
+ �q

(k)

j
, �

(k+1)

j
= �

(k)

j
+ ��

(k)

j
, t

(k+1)

j

= t
(k)

j
+ �t

(k)

j
, �

(k+1)

j
= �

(k)

j
+ ��

(k)

j
, v

(k+1)

j

= v
(k)

j
+ �v

(k)

j
, �

(k+1)

j
= �

(k)

j
+ ��

(k)

j

x
(k+1)

j
= x

(k)

j
+ �x

(k)

j

(33)�fi − �fi−1 −
hj

2

(
�pj + �pj−1

)
=
(
r1
)
j−1∕2

,

(34)�pj − �pj−1 −
hj

2

(
�qj + �qj−1

)
=
(
r2
)
j−1∕2

,

(35)��j − ��j−1 −
hj

2

(
�tj + �tj−1

)
=
(
r3
)
j−1∕2

,

(36)��j − ��j−1 −
hj

2

(
�vj + �vj−1

)
=
(
r4
)
j−1∕2

,

(37)��j − ��j−1 −
hj

2

(
�xj + �xj−1

)
=
(
r5
)
j−1∕2

,

(38)

(
a1
)
�qj +

(
a2
)
�qj−1 +

(
a3
)
�fj +

(
a4
)
�fj−1

+
(
a5
)
�pj +

(
a6
)
�pj−1 =

(
r6
)
j−1∕2

,

(39)

(
b1
)
�tj +

(
b2
)
�tj−1 +

(
b3
)
�fj +

(
b4
)
�fj−1 +

(
b5
)
�qj +

(
b6
)
�qj−1

+
(
b7
)
�pj +

(
b8
)
�pj−1 +

(
b9
)
��j +

(
b10

)
��j−1 =

(
r7
)
j−1∕2

,

(40)

(
c1
)
�vj +

(
c2
)
�vj−1 +

(
c3
)
�fj +

(
c4
)
�fj−1

+
(
c5
)
��j +

(
c6
)
��j−1 =

(
r8
)
j−1∕2

,

where,

(41)

(
d1
)
�xj +

(
d2
)
�xj−1 +

(
d3
)
�fj +

(
d4
)
�fj−1

+
(
d5
)
�vj +

(
d6
)
�vj−1 =

(
r9
)
j−1∕2

.

(
a1
)
= 1 +

hj

2

A2

A1

fj−1∕2,

(
a2
)
j
=
(
a1
)
j
− 2,

(
a3
)
j
=

hj

2

A2

A1

qj−1∕2,

(
a4
)
j
=
(
a3
)
j
,

(
a5
)
j
= −

hj

2

A2

A1

pj−1∕2 −
hj

2

(
A5

A1

M + KP

)
,

(
a6
)
j
=
(
a5
)
j
,

(
b1
)
j
=

1

Pr

(
A4 +

4

3
Rd

)
+

hj

2
A3fj−1∕2,

(
b2
)
j
=
(
b1
)
j
−

2

Pr

(
A4 +

4

3
Rd

)
,

(
b3
)
j
=

hj

2
A3tj−1∕2,

(
b4
)
j
=
(
b3
)
j
,

(
b5
)
j
=

hj

2
A1Ec qj−1∕2,

(
b6
)
j
=
(
b5
)
j
,

(
b7
)
j
=

hj

2
A5Ec Mpj−1∕2,

(
b8
)
j
=
(
b7
)
j
,

(
b9
)
j
=

hj

2
Q,
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(
b10

)
j
=
(
b9
)
j
,

(
c1
)
j
= 1 +

hj

2
Le fj−1∕2,

(
c2
)
j
=
(
c1
)
j
− 2,

(
c3
)
j
=

hj

2
Sb vj−1∕2,

(
c4
)
j
=
(
c3
)
j
,

(
c5
)
j
= −�

hj

2
Sb,

(
c6
)
j
= −

(
c5
)
j
,

(
d1
)
j
= 1 +

hj

2
Sb fj−1∕2 −

hj

2
Pevj−1∕2,

(
d2
)
j
=
(
d1
)
j
− 2,

(
d3
)
j
=

hj

2
Sb xj−1∕2,

(
d4
)
j
=
(
d3
)
j
,

(
d5
)
j
= −Pe

[
�j−1∕2 + Ω +

hj

2
xj−1∕2

]
,

(
d6
)
j
= −

(
d5
)
j
,

(
r1
)
= fj−1 − fj + hj

(
pj−1∕2

)
,

(
r2
)
= pj−1 − pj + hj

(
qj−1∕2

)
,

(
r3
)
= �j−1 − �j + hj

(
tj−1∕2

)
,

(
r4
)
= �j−1 − �j + hj

(
vj−1∕2

)
,

The boundary condition (1) is reduced to:

The linearized difference equation of the system 
(33)–(41) has a block tridiagonal structure and may thus be 
solved using the block elimination approach as described 
by Cebeci and Bradshaw [44]. It may be expressed as in 
vector matrix form:

where,

Here,

For 1 ≤ j ≤ J

(
r5
)
= �j−1 − �j + hj

(
vj−1∕2

)
,

(
r6
)
= qj−1 − qj − hj

A2

A1

(fq)j−1∕2

+ hj
A2

A1

p2
j−1∕2

+ hj

(
A5

A1

M + Kp

)
pj−1∕2,

(
r7
)
=

1

Pr

(
A4 +

4

3
Rd

)(
tj−1 − tj

)
− hjA3(ft)j−1∕2

− hjA1Ec q
2

j−1∕2
− hjQ�j−1∕2 − hjA5M Ec p2

j−1∕2
,

(
r8
)
= vj−1 − vj − hjSb(fv)j−1∕2 + hj�Sb �j−1∕2,

(
r9
)
= xj−1 − xj − hjSb(fx)j−1∕2

+ Pe
[
hj(vx)j−1∕2 +

(
Ω + �j−1∕2

)(
vj − vj−1

)]
.

�fo = 0, �po = �qo, �qo = �to, ��o = 0, ��o = 0, �pJ = 0, ��J = 0, ��J = 0

A� = r

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
A1

� �
C1

�
�
B2

� �
A2

� �
C2

�

⋱

⋱

⋱

�
Bj−1

� �
Aj−1

� �
Cj−1

�
�
Bj

� �
Aj

�

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, � =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
�1
�

�
�2
�

�
�3
�

⋮

⋮

�
�j−1

�
�
�j
�

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and r =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
r1
�

�
r2
�

�
r3
�

⋮

⋮

�
rj−1

�
�
rj
�

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
A1

�
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 1 0 0 0 0

−
hj

2
0 0 0 0 −

hj

2
0 0 0

0 −
hj

2
0 0 0 0 −

hj

2
0 0

0 0 −
hj

2
0 0 0 0 −

hj

2
0

0 0 0 −
hj

2
0 0 0 0 −

hj

2�
a2
�
J

0 0 0
�
a3
�
J

�
a1
�
J

0 0 0�
b6
�
J

�
b2
�
J

0 0
�
b3
�
J

�
b5
�
J

�
b1
�
J

0 0

0 0
�
c2
�
J

0
�
c3
�
J

0 0
�
c1
�
J

0

0 0
�
d6
�
J

�
d2
�
J

�
d3
�
J

0 0
�
d5
�
J

�
d1
�
J

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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For 2 ≤ j ≤ J − 1

Assuming |A| ≠ 0, it can be factorized as A = LU. This 
block tri-diagonal structure can be solved using LU method.

One of the primary aspects influencing the method’s accu-
racy is the initial guesses. They are as follows:

In this study, uniform grid of size ∆ηj = 0.006 is 
considered, and solutions are produced with an error 

�
AJ

�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
hj

2
0 0 0 1 0 0 0 0

− 1 0 0 0 0 −
hj

2
0 0 0

0 −1 0 0 0 0 −
hj

2
0 0

0 0 −1 0 0 0 0 −
hj

2
0

0 0 0 −1 0 0 0 0 −
hj

2�
a6
�
J

0 0 0
�
a3
�
J

�
a1
�
J

0 0 0�
b8
�
J

�
b10

�
J

0 0
�
b3
�
J

�
b5
�
J

�
b1
�
J

0 0

0 0
�
c6
�
J

0
�
c3
�
J

0 0
�
c1
�
J

0

0 0 0 0
�
d3
�
J

0 0
�
d5
�
J

�
d1
�
J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�
BJ

�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 −1 0 0 0 0

0 0 0 0 0 −
hj

2
0 0 0

0 0 0 0 0 0 −
hj

2
0 0

0 0 0 0 0 0 0 −
hj

2
0

0 0 0 0 0 0 0 0 −
hj

2

0 0 0 0
�
a4
�
J

�
a2
�
J

0 0 0

0 0 0 0
�
b4
�
J

�
b6
�
J

�
b2
�
J

0 0

0 0 0 0
�
c4
�
J

0 0
�
c2
�
J

0

0 0 0 0
�
d4
�
J

0 0
�
d6
�
J

�
d2
�
J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�
CJ

�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
hj

2
0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0�
a5
�
J

0 0 0 0 0 0 0 0�
b7
�
J

�
b9
�
J

0 0 0 0 0 0 0

0 0
�
c5
�
J
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�
�1
�
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�q0

��0

��0

��o

�f1

�q1

�t1

�v1

�x1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, For, 2 ≤ j ≤ J
�
�j
�
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�qj−1

��j−1

��j−1

�� j−1

�fj

�qj

�tj

�vj

�xj

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and 1 ≤ j ≤ J
�
rj
�
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
r1
�
j−1∕2�

r2
�
j−1∕2�

r3
�
j−1∕2�

r4
�
j−1∕2�

r5
�
j−1∕2�

r6
�
j−1∕2�

r7
�
j−1∕2�

r7
�
j−1∕2�

r7
�
j−1∕2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

f0(�) = e−� , �0(�) = e−� , �0(�) = e−� , and �o(�) = e−�

tolerance of 10−5 in all situations, resulting in an accuracy 
of four decimal places for the majority of the given 
quantities as indicated in all tables.

4 � Results and Discussion

To investigate the physical representation of the problem, 
the numerical results were presented in both graphical and 
tabular forms. The velocity, temperature, concentration, 
and microorganism concentration profiles were plotted 
on graphs to show the influence of various parameters, 
while tables were used to display numerical values of 
skin-friction coefficient, local Nusselt number, local 
Sherwood number, and local density number of motile 
microorganisms. The Keller-box method was employed to 
obtain all the graphs and numerical values by developing 
a MATLAB code. To ensure the validity of our results, we 
compared them with those of previous studies conducted 
by Wang et al. [45], Khan and Pop [5], and Waini et al. 
[46]. The results presented in Table 3 showed excellent 
compliance and higher accuracy, which gave us confidence 
that our analysis was reliable and efficient.

Figures 2, 3, 4, and 5 show how the flow momentum 
for the microorganism nanofluid flow responds to changes 
in different parameters. In Fig. 2, the observed variation 
of velocity follows a reduction pattern as the magnetic 
parameters (M) increase. The magnetic parameter repre-
sents the strength of the applied magnetic field, and its 
rising values indicate a greater resistive force opposing the 
fluid flow. This resistive force, known as the Lorentz force, 
arises from the interaction between the magnetic field and 
the electrically charged nanoparticles present in the nano-
fluid. As the magnetic field strength increases (higher M 
values), the Lorentz force becomes more pronounced, 
opposing the fluid flow more effectively. Consequently, 
the fluid experiences a decrease in flow velocity. The resis-
tive Lorentz force acts as a drag force, slowing down the 
movement of the fluid, particularly near the walls of the 
flow channel. From Fig. 3, it is found that the increas-
ing porosity parameter (Kp) also leads to the decrease 
in flow velocity. This is due to the fact that increasing 
Kp decreases the amount of Darcian body force and thus 
slows the fluid. Figures 4 and 5 indicate the enhancement 
in velocity profile with volume fraction of Cu (ϕ1) and 
Al2O3 (ϕ2) nanoparticles, respectively. This increase can 
be attributed to the fact that both copper and alumina are 
known to have high thermal conductivities, which help 
to enhance heat transfer rates. This, in turn, leads to an 
increase in the momentum transfer of the fluid, thereby 
increasing the velocity profile. Additionally, the presence 
of copper and alumina nanoparticles in the fluid also leads 
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to the reduction in the formation of agglomerates that can 
cause an increase in the fluid viscosity.

Figures 6, 7, 8, and 9 depict the significant influence of 
magnetic parameter (M), porosity parameter (Kp), Eckert 

number (Ec), and radiation parameter (Rd) on the tempera-
ture profile of the nanofluid. In Fig. 6, the enhancement in 
the temperature profile is directly linked to the magnetic 
parameter (M). The variation in M generates the Lorentz 
force, which intensifies friction between fluid layers. As a 
consequence, the temperature rises within the nanofluid. 
This physical phenomenon is crucial because it demonstrates 
the role of M in modifying thermal characteristics, empha-
sizing the importance of magnetic effects on heat transfer in 
nanofluids. Moving to Fig. 7, an evident rise in temperature 
is observed with increasing porosity parameter (Kp). The 
porosity parameter induces internal heat generation within 
the nanofluid, thereby elevating the temperature profile. This 
finding holds significance in practical applications where 

Table 3   Comparison for values of −θ′(0) for ordinary fluid (ϕ1 = 0 and 
ϕ2 = 0) with various values of Pr when K = M = Kp = Rd = Ec = Q = 0 
and λ = 1

Pr Wang et al. [45] Khan and Pop [5] Waini et al. [46] Present

2 0.9114 0.9113 0.911353 0.9107
6.13 - - 1.759682 1.7592
7 1.8954 1.8954 1.895400 1.8949
20 3.3539 3.3539 3.353902 3.3535

Fig. 2   Variation in f′(η) with M 

Fig. 3   Variation in f′(η) with Kp

Fig. 4   Variation in f′(η) with ϕ1

Fig. 5   Variation in f′(η) with ϕ2
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porous media or materials with internal heat sources are 
involved. It highlights the impact of Kp on heat transfer 
within the nanofluid, making it a key factor to consider in 
designing efficient heat exchange systems. Figure 8 reveals 
an upsurge in the temperature profile with an increase in 
the Eckert number (Ec). Physically, this temperature rise is 
attributed to the production of frictional energy caused by 
the collision of fluid particles. Finally, Fig. 9 demonstrates 
how the temperature profile increases with a higher radiation 
parameter (Rd). The rise in heat flux at the surface of the 
nanofluid is responsible for this effect. The increase in Rd 
intensifies radiative heat transfer, contributing to the overall 
upsurge in the temperature profile.

The response of mass specie transfer to the rising value 
of magnetic parameter, chemical reaction parameter, and 
Schmidt number is investigated in Figs. 10, 11, and 12. The 
upsurge in nanoparticle concentration profile is observed 
in Fig. 10 against the raising values of magnetic parameter 
(M). The Lorentz force produced by the enhancement of 
M causes a disruption in the fluid motion, which increases 
the thickness of the solutal boundary layer. The diminution 
in nanoparticle concentration profile with the increase in 
chemical reaction parameter (γ) and Schmidt number (Sc) is 
seen in Figs. 11 and 12, respectively. Physically, increase in 
the chemical reaction parameter (γ) accelerates nanoparticle 
consumption and a rise in Schmidt number (Sc) decreases 
mass diffusivity, resulting in a decrease in nanoparticle con-
centration profile.

An enhancement in the curve of M and Kp on microbial 
concentration profile is seen in Figs. 13 and 14, respec-
tively. The fluctuations in M and Kp affect fluid velocity, 
which produces heat that increases the thickness of the 
microorganism boundary layer. Figure 15 illustrates the 
decreasing trend of microbial concentration profile in rela-
tion to the Peclet number (Pe). Increasing Pe results in 

Fig. 6   Variation in θ(η) with M 

Fig. 7   Variation in θ(η) with Kp

Fig. 8   Variation in θ(η) with Ec 

Fig. 9   Variation in θ(η) with Rd 
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more intense microbial movement, which reduces motile 
density near the surface. Higher values of the bioconvec-
tion Schmidt number (Sb) cause a decrease in the diffusiv-
ity of microorganisms, leading to reduced motile density 
in the fluid (this is shown in Fig. 16). Figure 17 shows 
variations in microbial concentration profile with respect 
to the microbial concentration difference parameter (σ). 
This declining behavior in χ(η) can be attributed to the fact 
that higher values of σ create a larger density difference 
between the gyrotactic microorganisms and the base fluid, 
causing instability on the fluid’s surface and forcing the 
microorganisms to swim back to the fluid’s bottom layer.

Tables  4, 5, 6, and 7 present the results of analyz-
ing the effects of significant parameters on skin friction 

coefficient, local Nusselt number, local Sherwood number, 
and local motile density number.

As the amount of Cu and Al2O3 nanoparticles increases, 
along with the strength of the magnetic field and the degree 
of porosity in the fluid medium, the resistance to skin fric-
tion decreases (see Table 4). In other words, a higher con-
centration of nanoparticles, stronger magnetic field, and 
more porous medium lead to lower skin friction coefficient. 
The reason for the decrease in the skin friction coefficient 
as the magnetic parameter, porosity parameter, and volume 
fraction of copper and alumina nanoparticles increase is 
likely due to the properties of these materials. For exam-
ple, magnetic nanoparticles may reduce the viscosity of the 
fluid, making it flow more easily and decreasing friction. 

Fig. 10   Variation in ϕ(η) with M 

Fig. 11   Variation in ϕ(η) with γ 

Fig. 12   Variation in ϕ(η) with Sc 

Fig. 13   Variation in χ(η) with M 
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Similarly, the presence of nanoparticles with higher poros-
ity and lower density can create channels and pockets in the 
fluid that reduce the contact area between the fluid and the 
solid surface, also leading to lower friction. Additionally, 
an increase in the volume fraction of copper and alumina 
nanoparticles can alter the surface characteristics of the 
fluid-solid interface, reducing the friction coefficient.

In Table 5, Nusselt number exhibits a contrasting behav-
ior with respect to different parameters. An increase in the 
radiation parameter leads to an increase in the Nusselt num-
ber, while an increase in the magnetic and porosity param-
eters, as well as the Eckert number, results in a decrease in 
the Nusselt number. The Nusselt number is a dimensionless 
parameter that characterizes the convective heat transfer rate 
between a fluid and a surface. The behavior of the Nusselt 

number with respect to different parameters can be under-
stood in terms of their influence on the convective transport 
of heat. An increase in the radiation parameter indicates a 
greater contribution of radiation to the overall heat transfer, 
leading to an increase in the Nusselt number. On the other 
hand, an increase in the magnetic parameter or porosity 
parameter implies an increase in the resistance to fluid flow, 
thereby reducing the convective heat transfer and leading 
to a decrease in the Nusselt number. Similarly, an increase 
in the Eckert number, which is a measure of the ratio of 
kinetic energy to thermal energy, leads to an increase in the 
boundary layer thickness and a reduction in the convective 
heat transfer, resulting in a decrease in the Nusselt number.

From Table 6, it is observed that the Sherwood num-
ber decreases with an increase in magnetic and porosity 

Fig. 14   Variation in χ(η) with Kp

Fig. 15   Variation in χ(η) with Sb 

Fig. 16   Variation in χ(η) with Pe 

Fig. 17   Variation in χ(η) with σ 
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parameters, while it increases with an increase in the 
Schmidt number and chemical reaction parameter. These 
behavior is due to the fact that when the magnetic param-
eter increases, the velocity of the fluid decreases due 
to the magnetic force, which reduces the convective 
mass transfer rate. Therefore, as the magnetic parameter 
increases, the Sherwood number decreases. Similarly, 
when the porosity parameter increases, the available area 
for mass transfer decreases, and the fluid velocity also 
decreases. This reduction in fluid velocity reduces the 
convective mass transfer rate, leading to a decrease in the 
Sherwood number. Again, a high Schmidt number means 
that the momentum diffusivity is much higher than the 
mass diffusivity, and therefore, the mass transfer rate is 
slow. As the Schmidt number increases, the diffusive 
mass transfer rate decreases, resulting in a lower Sher-
wood number. Additionally, when the chemical reaction 
parameter increases, the rate of mass transfer increases 

due to the high concentration gradient caused by the fast 
reaction. This increase in mass transfer rate leads to a 
higher Sherwood number.

The motile density number exhibits an inverse 
relationship with the magnetic and porosity parameters, 
with an increase in these parameters leading to a decrease 
in the motile density number. Conversely, an increase in 
the bioconvection Schmidt number and Peclet number 
leads to a positive correlation with the motile density 
number (see Table 7). A stronger magnetic field may 
hinder the motility of the microorganisms and hence 
reduce their density. Similarly, higher porosity can 
facilitate the movement of microorganisms, reducing 
their density. Additionally, a higher Schmidt number 
may enhance the concentration gradient of these 
species, leading to an increase in motility and density. 
Again, a higher Peclet number means that advection 
dominates, which can promote the mixing and transport 
of microorganisms, increasing their density.

Table 4   Variation of CfxRe
1

2

x  
when Pr = 6.2, Ec = 0.3, 
Rd = 1, γ = 0.5, Sc = 2, Sb = 1.2, 
Pe = 0.5, Ω = 0.5, and Q = 0.5

M Kp ϕ1 ϕ2 CfxRe
1

2

x

0.5 1.0 0.1 0.1 −1.6404
1 −1.7933
1.5 −1.9341
0.5 0.5 0.1 1.0 −1.4802

1 −1.6404
1.5 −1.7863

0.5 1.0 0.01 0.1 −1.5847
0.02 −1.594
0.03 −1.6025

0.5 1.0 0.1 0.02 −1.6911
0.03 −1.6858
0.04 −1.6801

Table 5   Variation of NuxRe
−

1

2

x  
when Pr = 6.2, ϕ1 = 0.1, 
ϕ2 = 1, γ = 0.5, Sc = 2, Sb = 1.2, 
Pe = 0.5, Ω = 0.5, and Q = 0.5

M Kp Ec Rd
NuxRe

−
1

2

x

0.5 1.0 0.3 1.0 0.4701
1 −0.1279
1.5 −0.5776
0.5 0.5 0.3 1.0 1.2482

1 0.4701
1.5 0.0604

0.5 1.0 0.1 1.0 1.1687
0.2 0.8194
0.3 0.4701

0.5 1.0 0.3 0.5 −0.3129
1.0 0.6581
1.5 2.4298

Table 6   Variation of ShxRe
−

1

2

x  
when Pr = 6.2, ϕ1 = 0.1, 
ϕ2 = 0.1, Rd = 1, Ec = 0.3, 
Sb = 1.2, Pe = 0.5, Ω = 0.5, and 
Q = 0.5

M Kp Sc γ
ShxRe

−
1

2

x

0.5 1.0 2.0 0.5 1.2994
1 1.2876
1.5 1.2773
0.5 0.5 2.0 0.5 1.3127

1 1.2994
1.5 1.2881

0.5 1.0 1.8 0.5 1.2261
2.0 1.2994
2.2 1.3693

0.5 1.0 2.0 0.5 1.2994
0.6 1.3776
0.7 1.4513

Table 7   Variation of NnxRe
−

1

2

x  
when Pr = 6.2, ϕ1 = 0.1, ϕ2 = 1, 
Rd = 1, Ec = 0.3, Sc = 2, γ = 0.5, 
Ω = 0.5, and Q = 0.5

M Kp Sb Pe
NnxRe

−
1

2

x

0.5 1.0 1.2 0.5 1.3802
1 1.3576
1.5 1.3380
0.5 0.5 1.2 0.5 1.4055

1 1.3802
1.5 1.3586

0.5 1.0 1.0 0.5 1.3277
1.2 1.3802
1.4 1.4313

0.5 1.0 1.2 0.3 1.0436
0.5 1.3801
0.7 1.7215
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5 � Conclusion

The study covers a numerical analysis of bioconvection 
flow in a boundary layer for heat and mass transfer 
properties of hybrid nanofluid containing microorganisms 
over stretched porous sheets under the influence of thermal 
radiation and chemical reaction. To solve the nonlinear 
higher-order differential equation in the model, the 
classical Keller-Box algorithm is used after converting the 
higher-order ODEs into a system of first-order ODEs. The 
numerical analysis yielded significant findings, which are 
discussed in detail below.

	 1.	 The velocity profile is negatively affected by the 
magnetic field, while the temperature, nanoparticle 
concentration, and microbial concentration profiles 
are positively influenced by it.

	 2.	 The velocity profile exhibits a downward trend, while 
the temperature and microbial concentration profiles 
indicate an upward trend, as the porosity parameter is 
raised.

	 3.	 An increase in the volume fraction of copper (Cu) as 
well as alumina (Al2O3) results in a corresponding 
increase in the velocity profile.

	 4.	 An increase in the radiation parameter as well as Eckert 
number leads to a corresponding increase in the tem-
perature profile.

	 5.	 Increase in the value of chemical reaction parameter 
and Schmidt number increase, there is a corresponding 
reduction in the concentration of nanoparticles in the 
hybrid nanofluid.

	 6.	 With increasing values of the Peclet number, 
bioconvection Schmidt number, and microbial 
concentration difference parameter, there is associated 
decrease in the concentration profile of the motile 
microorganisms in the hybrid nanofluid.

	 7.	 Increase in the magnetic parameter, porosity parameter, 
and volume fraction of copper and alumina nanoparti-
cles results in decrease in the skin friction coefficient.

	 8.	 As the radiation parameter increases, the Nusselt 
number increases, but it decreases with the increase 
of magnetic parameter, porosity parameter, and Eckert 
number.

	 9.	 The Sherwood number displays a decrease with an 
increase in the magnetic and porosity parameters, but 
it demonstrates an increase with the increase in the 
Schmidt number and chemical reaction parameter.

	10.	 The motile density number decreases with higher 
values of the magnetic and porosity parameters, but 
it rises with the increase in bioconvection Schmidt 
number and Peclet number.
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